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S U M M A R Y  
T h e  s m a l l  p e r t u r b a t i o n  t h e o r y  o f  t h e  s t a b i l i t y  o f  
t h e  l a m i n a r  b o u n d a r y  l a y e r ,  a s  f i r s t  c o n s i d e r e d  i n  d e t a i l  
b y  T o l l m i e n  a n d  S c h l i c h t i n g  f o r  i n c o m p r e s s i b l e  f l o w  a n d  
a p p l i e d  t o  c o m p r e s s i b l e  f l o w  b y  L e e s  a n d  L i n ,  i s  e x t e n d e d  
i n  t h i s  p a p e r  t o  i n c l u d e  c o m p r e s s i b l e  f l o w s  w i t h  a  p r e s s u r e  
g r a d i e n t  i n  t h e  m a i n  s t r e a m .  
T h e  a n a l y s i s  s h o w s  t h a t  i f  n o r m a l  m o d e s  o f  
p e r t u r b a t i o n s o f  t h e  b o u n d a r y  l a y e r  a r e  c o n s i d e r e d ,  t h e  
a p p r o x i m a t e  s o l u t i o n s  f o r  t h e  p e r t u r b a t i o n  f l o w  i n  t e r m s  
o f  t h e  s t e a d y  v e l o c i t y  a n d  t e m p e r a t u r e  d i s t r i b u t i o n s  o f  
t h e  b o u n d a r y  l a y e r ,  a s  d e v e l o p e d  b y  L e e s  a n d  L i n  f o r  
c o m p r e s s i b l e  f l o w  w i t h o u t  a  p r e s s u r e  g r a d i e n t ,  h o l d  t o  
t h e  s a m e  o r d e r  o f  a p p r o x i m a t i o n  i n  t h e  p r e s e n c e  o f  a  
p r e s s u r e  g r a d i e n t .  
	
T h e  s o l u t i o n s  a r e  v a l i d  f o r  l a r g e  
v a l u e s  o f  t h e  R e y n o l d s  n u m b e r  R  a n d  t h e  p a r a m e t e r  a R ,  
w h e r e  a  i s  t h e  w a v e  n u m b e r  o f  t h e  d i s t u r b a n c e  c o n s i d e r e d ,  
w i t h  t h e  a d d i t i o n a l  r e s t r i c t i o n  t h a t  
a  
s h o u l d  l i e  b e t w e e n  
t h e  e x t r e m e  l i m i t s ,  R  a n d  R .  
	
T h e  R e y n o l d s  n u m b e r  
r e f e r r e d  t o  h e r e  i s  b a s e d  u p o n  t h e  b o u n d a r y  l a y e r  t h i c k n e s s ,  
M o r e o v e r ,  i t  i s  f o u n d  t h a t  f o r  a  g i v e n  b o u n d a r y  l a y e r  p r o -
f i l e ,  t h e  d i f f e r e n t i a l  e q u a t i o n s  g o v e r n i n g  t h e  b e h a v i o u r  o f  
t l e  d i s t u r b a n c e  i n  a n  i n v i o c i d  f l u i d  a r e  i n d e p e n d e n t  o f  t h e  
p r e s s u r e  g r a d i e n t .  
	
T h u s  t h e  g e n e r a l  c r i t e r i a  e s t a b l i s h e d  
b y  L e e s  a n d  L i n  f o r  t h e  s t a b i l i t y  o f  i n v i s c i d  f l o w s  c a n  b e  
t a k e n  o v e r  w i t h  l i t t l e  o r  n o  m o d i f i c a t i o n  i n  p r o o f .  
T h e  b o u n d a r y  l a y e r  v e l o c i t y  a n d  t e m p e r a t u r e  
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C a l c u l a t i o n  o f  t h e  n e u t r a l  s t a b i l i t y  c h a r a c t e r i s t i c s  
g a v e  t h e  f o l l o w i n g  g e n e r a l  r e s u l t s :  
( i )  F o r  a n y  g i v e n  f r e e  s t r e a m  M a c h  n u m b e r ,  a n  i n c r e a s i n g  
n e g a t i v e  p r e s s u r e  g r a d i e n t  ( m  > .  0 )  i n c r e a s e s  t h e  
s t a b i l i t y  o f  t h e  l a m i n a r  l a y e r ,  i . e .  t h e  v a l u e  o f  
t h e  s t a b i l i t y  l i m i t  ( d e f i n e d  a s  t h e  R e y n o l d s  n u m b e r  
b e l o w  w h i c h  t h e r e  i s  l a m i n a r  s t a b i l i t y )  i n c r e a s e s ,  
a n d  t h e  r a n g e  o f  u n s t a b l e  d i s t u r b a n c e  f r e q u e n c i e s  
a n d  v e l o c i t i e s  b e c o m e s  s m a l l e r .  
( i i )  
W i t h  a  p o s i t i v e  p r e s s u r e  g r a d i e n t  t h e  s t a b i l i t y  
d e c r e a s e s  a s  t h e  M a c h  n u m b e r  i n c r e a s e s .  
( i i i )  
F o r  a  s u f f i c i e n t l y  l a r g e  n e g a t i v e  p r e s s u r e  g r a d i e n t  
t h e r e  i s  a  r a n g e  o f  M a c h  n u m b e r ,  v a r y i n g  f r o m  
a b o u t  1 . 3  t o  2 . 4 ,  f o r  w h i c h  t h e  b o u n d a r y  l a y e r  
i s  c o m p l e t e l y  s t a b l e  f o r  a l l  R e y n o l d s  n u m b e r s ;  
h o w e v e r ,  t h e  s t a b i l i t y  l i m i t  a l w a y s  d e c r e a s e s  a t  
l a r g e  e n o u g h  v a l u e s  o f  t h e  M a c h  n u m b e r .  
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S Y M B O L S  
I n  g e n e r a l  a s t e r i s k s  w i l l  d e n o t e  m e a n  v a l u e s  
o f  d i m e n s i o n a l  q u a n t i t i e s ,  w h i l e  u n s t a r r e d  s y m b o l s  w i l l  
d e n o t e  t h e  c o r r e s p o n d i n g  n o n - d i m e n s i o n a l  q u a n t i t i e s .  
A  p r i m e  w i l l  d e n o t e  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  d i s t a n c e  
n o r m a l  t o  t h e  s o l i d  s u r f a c e ,  u n l e s s  s t a t e d  
o t h e r w i s e .  
A  s u f f i x  
q  	
w i l l  
r e f e r  t o  c o n d i t i o n s  a t  t h e  s o l i d  
s u l . f a c e .  
A  s u f f i x  1  
	 w i l l  
r e f e r  t o  l o c a l  v a l u e s  i n  t h e  m a i n  
s t r e a m ,  e x c e p t  f o r  y T ,  w h i c h  w i l l  
d e n o t e  t h e  b o u n d a r y  l a y e r  t h i c k n e s s .  
A  s u f f i x  1 0  	
w i l l  r e f e r  t o  a d i a b a t i c  s t a g n a t i o n  i n  
t h e  m a i n  s t r e a m .  
A  s u f f i x  i  	 w i l l  
r e f e r  t o  t h e  i n c o m p r e s s i b l e  v a r i a b l e  
O b t a i n e d  f r o m  t h e  c o r r e s p o n d i n g  c o m -
- , D r e s s i b l e  v a r i a b l e  u s i n g  t h e  t r a n s f o r m a -
t i o n  ( 1 1 ) ,  g i v e n  o n  p a g e  1 2 .  
D i m e n s i o n a l  
Q u a n t i t y  
D i m e n s i o n l e s s  
	
D i m e n s i o n a l  
Q u a n t i t y  	
M e a s u r e  
C o - o r d i n a t e  m e a s u r e d  a l o n g  s u r f a c e  
x  
x  
C o o r d i n a t e  m e a s u r e d  p e r p e n d i c u l a r  t o  s u r f a c e  










( x , y ) + f ( x , y ) e





v ( x , y ) A - a 0 ( x , y ) e




D e n s i t y  
	
P x  	
p ( x , y ) - 1 - r ( x , y ) e - a  ( x - c t )   
P r e s s u r e  
	
P x  	
p ( x , y ) + t r ( x , y ) ( 1
1 0 , ( x - c t
)  




T ( x , y ) - 1 - 0 ( x
9
y ) c i a ( x
-
c t )  




4 ( x , y ) + E (
x
, Y ) u  
	
x - c t )  
K i n e m a t i c  v i s c o s i t y  
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C o n d u c t i v i t y  
k
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- 2 - 
Dimensional 
	 Dimensionless 	 Dimensional 
Quantity  Quantity_ 
	 Measure 
Wave number of disturbance 
a a 
Phase velocity of disturbance 
Specific heats 
C 9 C 	 Y 	 C 
v p 	 p/C  v 
Reynolds number. 
a = JYRt x 	 local velocity of sound, 7 = gas constant. 
141 = 14/a l 
= C c.1, 31/k 
local Mach number at edge of boundary 
layer. 
Prandtl number. 
boundary layer thickness. 
o 	 boundary layer displacement thickness. 
boundary layer momentum thickness. 
m 	 external pressure gradient parameter, 
K m 
defined by u 11 = c(x) . 
index in the viscosity-temperature 
relationship 	 = (T)  
2m 
=  
m + 1 
The characteristic measure 4, will in general 
be taken as the boundary layer thickness 6. 	 When € 
is taken as 	 or 6 the non-dimensional quantities 

























1 .  	
I n t r o d u c t i o n  
T h e  m e c h a n i s m  o f  t h e  t r a n s i t i o n  f r o m  l a m i n a r  
t o  t u r b u l e n t  f l o w  i s  o n e  o f  t h e  o l d e s t  f u n d a m e n t a l  
p r o b l e m s  o f  h y d r o d y n a m i c s  t h a t  r e m a i n s  u n s o l v e d .  
	
T h e  
p e r t u r b a t i o n  m e t h o d  i s  a n  a t t e m p t ,  w h i c h  i s  o n l y  p a r -
t i a l l y  s u c c e s s f u l ,  t o  e x p l a i n  t r a n s i t i o n  b y  f i n d i n g  t h e  
c o n d i t i o n s  u n d e r  w h i c h  t h e  v i s c o u s  e q u a t i o n s  o f  m o t i o n  
a d m i t  o f  n o n - u n i f o r m  u n s t e a d y  s o l u t i o n s  i n  t h e  f o r m  o f  
e i t h e r  d a m p e d ,  n e u t r a l  o r  a m p l i f i e d  d i s t u r b a n c e s ,  t h e  
n o r m a l  m o d e s  o f  w h i c h  a r e  u s u a l l y  c o n s i d e r e d  s e p a r a t e l y .  
A m p l i f i e d ,  s e l f - e x c i t e d  d i s t u r b a n c e s ,  w h e n  t h e y  e x i s t ,  
m e a n  t h a t  t h e  b o u n d a r y  l a y e r  i s  i n  a  s t a t e  o f  u n s t a b l e  
d y n a m i c  e q u i l i b r i u m ,  a n d  t h a t  t r a n s i t i o n  w i l l  o c c u r  w h e n  
t h e  d i s t u r b a n c e  a m p l i t u d e s  b e c o m e  s u f f i c i e n t l y  l a r g e .  
T h e  r e s t r i c t i o n  o f  t h e  m e t h o d  t o  s m a l l  
d i s t u r b a n c e s  ( i n t r o d u c e d  t o  m a k e  t h e  m a t h e m a t i c s  t r a c t a b l e )  
r e d u c e s  t h e  v a l u e  o f  t h e  r e s u l t s ,  s i n c e  t h e r e  i s  l e f t  a  
l a r g e  g a p  i n  o u r  k n o w l e d g e  o f  t h e  b e h a v i o u r  o f  t h e  f l o w  
b e t w e e n  t h e  b e g i n n i n g  o f  t h e  a m p l i f i c a t i o n  o f  a  s m a l l  
d i s t u r b a n c e  a n d  t h e  o n s e t  o f  f u l l  s c a l e  t u r b u l e n c e .
x  
I n  
c o n s e q u e n c e ,  i t  i s  f o u n d  t h a t  t u r b u l e n c e  d e v e l o p s  m u c h  
l a t e r  t h a n  	
g i v e n  b y  t h e  c o n d i t i o n  t h a t  a  s m a l l  d i s t u r -  
b a n c e  s h o u l d  b e  j u s t  a m p l i f i e d .  
	 I n  s p i t e  o f  t h i s ,  o n c e  
v e r i f i e d ,  t h e  t h e o r y  c a n  b e  o f  g r e a t  i n t e r e s t  i n  g i v i n g  
a n  i n s i g h t  i n t o  t h e  o r i g i n  o f  t r a n s i t i o n  a n d  i n  p r o v i d i n g  
a t  l e a s t  a  s u f f i c i e n t  c o n d i t i o n  f o r  t h e  s t a b i l i t y  o f  
l a m i n a r  f l o w s .  
T h i s  m e t h o d  o f  d e a l i n g  w i t h  l a m i n a r  s t a b i l i t y  
w a s  f i r s t  a p p l i e d  t o  b o u n d a r y  l a y e r  f l o w  b y  T i e t j e n s  
( r e f e r e n c e  1 ) ,  f o l l o w e d  b y  o t h e r  G e r m a n  i n v e s t i g a t o r s ,  
n o t a b l y  T o l l m i e n  a n d  S c h l i c h t i n g  ( r e f e r e n c e s  2  a n d  3 ) .  
H o w e v e r ,  t h e  t h e o r y  w a s  h e l d  i n  d o u b t  b y  m a n y ,  c h i e f l y  
b e c a u s e  o f  t h e  s i m p l i f i e d  a n d  a p p r o x i m a t e  m a t h e m a t i c a l  
a p p r o a c h  t h a t  h a d  t o  b e  m a d e  t o  d e a l  w i t h  t h e  p r o b l e m ,  
a n d  t h e  s u c c e s s  o f  G . I .  T a y l o r ' s  t h e o r y  o f  t r a n s i t i o n  
( r e f e r e n c e  4 ) .  	
T a y l o r  a s c r i b e d  t h e  i n s t a b i l i t y  o f  t h e  
l a m i n a r  b o u n d a r y  l a y e r  t o  t h e  p r e s e n c e  o f  f i n i t e ,  n o n -
s e l f e x c i t e d ,  d i s t u r b a n c e s ,  w h i c h  i n  m o s t  c a s e s  w o u l d  
a r i s e  f r o m  t h e  e x t e r n a l  t u r b u l e n c e  o f  t h e  m a i n  f l o w .  
A  m o r e  s a t i s f a c t o r y  a p p r o a c h  t o  t h e  s m a l l  p e r t u r b a t i o n  
t h e o r y  h a s  n o w  b e e n  g i v e n  b y  L i n  ( r e f e r e n c e  5 )  f o r  
i n c o m p r e s s i b l e  f l o w ,  a n d  v e r i f i c a t i o n  o f  t h e  a s y m p t o t i c  
e x p a n s i o n s  u s e d  b y  h i m  h a s  b e e n  g i v e n  b y  W a  s o w  ( r e f e r e n c e  6 ) .  
M o r e o v e r ,  f u l l  e x p e r i m e n t a l  c o n f i r m a t i o n  o f  t h e  t h e o r y  h a s  
b e e n  m a d e  b y  S c h u b a u e r  a n d  S k r a m s t a d  ( r e f e r e n c e  7 ) ,  a n d  
t h e r e  i s  n o w  n o  d o u b t  t h a t  i n  t h e  a b s e n c e  o f  s u c h  s o u r c e s  
o f  f i n i t e  d i s t u r b a n c e s  a s  s u r f a c e  i m p e r f e c t i o n s  a n d  
e x t e r n a l  t u r b u l e n c e ,  a  m a j o r  c a u s e  o f  t r a n s i t i o n  t o  
t u r b u l e n c e  i n  b o u n d a r y  l a y e r s  d e r i v e s  f r o m  t h e i r  i n h e r e n t  
i n s t a b i l i t y  u n d e r  c e r t a i n  c i r c u m s t a n c e s .  	 P r e s u m a b l y ,  
w h e n  d i s t u r b a n c e s  p r e s e n t  a r e  l a r g e  e n o u g h ,  w h e t h e r  s e l f -
e x c i t e d  o r  i m p o s e d  b y  e x t e r n a l  t u r b u l e n c e  o r  s u r f a c e  c o n -  
d i t i o n ,  t r a n s i t i o n  e n s u e s .  
	
F r o m  t h i s  p o i n t  o f  v i e w ,  
T a y l o r ' s  a p p r o a c h  a n d  t h e  a p p r o a c h  i n  t h e  s m a l l  p e r t u r b a -
t i o n  t h e o r y  c a n  b e  r e c o n c i l e d ,  a l t h o u g h  a  c o m p l e t e  l i n k i n g  
o f  t h e  t w o  a p p r o a c h e s  i s  s t i l l  t o  b e  m a d e .  
i
- - - - - -  
G e r m a n  i n v e s t i g a t o r s  ( r e f e r e n c e s  8  a n d  9 )  h a v e  
c a l c u l a t e d  t h e  a m p l i f i c a t i o n  o f  t h e  d i s t u r b a n c e s  f o r  
i n c o m p r e s s i b l e  f l o w  a n d  h a v e  a t t e m p t e d  t o  c o r r e l a t e  t h e  
r a t e  o f  a m p l i f i c a t i o n  w i t h  t h e  o c c u r r e n c e  o f  t r a n s i t i o n ,  
i n  s p i t e  o f  t h e  r e s t r i c t i o n  o f  t h e  t h e o r y  t o  s m a l l  d i s -
t u r b a n c e s .  
	
T w o  e s t i m a t e s  t h u s  m a d e  f o r  t h e  a m p l i f i c a t i o n  
f a c t o r  r e q u i r e d  t o  g i v e  t r a n s i t i o n  o n  a  f l a t  p l a t e  d i f f e r  

















The extension of the theory to parallel 
compressible flows was made by Lees and Lin (references 
10 and 11), and in the present paper it is found that in 
all essentials the theory developed by them is applicable 
to flows with an external pressure gradient, and that the 
stability again depends on the local velocity and tempera-
ture profiles of the boundary layer only. 
	 In both cases 
there is a Reynolds number, based upon the boundary layer 
thickness, above which the laminar flow is inherently 
unstable, and self-excited disturbances appear. 
	 Below 
this so-called miniaum critical Reynolds number, which 
depends on the Mach number and pressure gradient in the 
main stream, all disturbances are damped out, and the 
boundary layer is completely stable. 
The physical reason for the behaviour of the 
disturbances can be seen in a study of the interchange 
of energy between the disturbance and the mean flow. 
If a normal mode of the disturbance, of non-dimensional 
(real) phase velocity c r is considered, it is found that 
across a critical section of the boundary layer, where 
the mean flow velocity u equals the disturbance phase 
velocity, there is a phase shift in the x component of 
the disturbance velocity f. 	 This results in an apparent 
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where 
w is the non-dimensional mean velocity parallel to 
the surface in the x-direction, 
wi 	 aw/ay, 
T is the non-dimensional temperature, 
is the density, 
a. is the wave number of the disturbance, 
suffices 1 and c r refer to values at the wall and 
at the critical layer. 
According as T! ,.. is greater or less than zero, energy is 
absorbed or lost by the disturbance, whilst if 
	 = Oy 
there is no transfer of energy. 	 A further apparent shear 
stress is introduced by the action of viscosity near the 
wall; this, however, is always positive, and through its 
action energy is gained by the disturbance from-the mean 
flow. 	 Finally, the disturbance loses energy throughout 
the boundary layer by the action of viscous dissipation. 
If a disturbance is to be damped, the shear 
stress T must be sufficiently large negatively to ensure 
r 
that the energy absorbed by the mean flow at the inner 
critical layer at w = c, together with the energy dissipated 
by the viscous forces is greater than the energy added to 
the disturbance through the destabilising action of viscosity 
























G e n e r a l l y  
s p e a k i n g ,  
t h e r e f o r e ,  i f  t h e  q u a n t i t y  
a L ]
_ d y  ' T  
w = c r  
w h i c h  i s  a  f u n c t i o n  o f  t h e  s h a p e  o f  t h e  v e l o c i t y  a n d  
t e m p e r a t u r e  p r o f i l e s  o f  t h e  b o u n d a r y  l a y e r ,  i s  l a r g e  
e n o u g h ,  t h e  b o u n d a r y  l a y e r  w i l l  b e  s t a b l e .  
	
T h e  p r i n c i p a l  
e f f e c t  o f  p r e s s u r e  g r a d i e n t  c a n  t h u s  b e  s e e n  i n  t h e  w a y  
t h a t  i t  c h a n g e s  t h e  s h a p e  o f  t h e  b o u n d a r y  l a y e r  v e l o c i t y  
d i s t r i b u t i o n .  
H o w e v e r ,  f o r  m a i n  s t r e a m  M a c h  n u m b e r s  g r e a t e r  
t h a n  u n i t y ,  a n  a d d i t i o n a l  f a c t o r  e n t e r s  i n t o  t h e  p r o b l e m .  
T h e  d i s t u r b a n c e s  f o r  w h i c h  
1  
c r  
>  1  -  
w h e r e  M 1  
	 1  1  
=  1 . 1 3 / a *  
( t h e  l o c a l  M a c h  n u m b e r  o f  t h e  m a i n  s t r e a m ) ,  
a r e  t e r m e d  s u b s o n i c  d i s t u r b a n c e s  ( t h e  p h a s e  v e l o c i t y  o f  t h e  
d i s t u r b a n c e  r e l a t i v e  t o  a n  o b s e r v e r  m o v i n g  w i t h  t h e  v e l o c i t y  
o f  t h e  f r e e  s t r e a m  i s  l e s s  t h a n  t h e  l o c a l  v e l o c i t y  o f  s o u n d ) ,  
a n d  f o r  s o m e  v a l u e s  o f  R  s u c h  d i s t u r b a n c e s  c a n  b e  m a d e  t o  
s a t i s f y  t h e  d i f f e r e n t i a l  e q u a t i o n s  a n d  b o u n d a r y  c o n d i t i o n s  
f o r  t h e  d i s t u r b a n c e .  
	
H o w e v e r ,  t h e  a m p l i f i e d  s u p e r s o n i c  
d i s t u r b a n c e s  f o r  w h i c h  
c
r  
( 1  -  
d o  n o t  e x i s t ,  f o r  i t  i s  f o u n d  t h a t  t h e y  c a n n o t  s a t i s f y  t h e  
b o u n d a r y  c o n d i t i o n s  a t  t h e  ' e d g e '  o f  t h e  b o u n d a r y  l a y e r .  
T h u s ,  f o r  a  g i v e n  b o u n d a r y  l a y e r  p r o f i l e ,  i f  t h e  o n l y  
v a l u e s  o f  c  r e q u i r e d  t o  m a k e  
D
i r r
W =  
c r  
s u f f i c i e n t l y  l a r g e  t o  e n a b l e  t h e  d i s t u r b a n c e  
o f  t h i s  p h a s e  
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t h e r e  c a n  b e  n o  s o l u t i o n  o f  t h e  d i s t u r b a n c e  e q u a t i o n s  f o r  
a m p l i f i e d  d i s t u r b a n c e s ,  a n d  t h e  b o u n d a r y  l a y e r  i s  c o m p l e t e l y  
s t a b l e  f o r  a l l  R e y n o l d s  n u m b e r s .  
F o r  a n  i n s u l a t e d  s u r f a c e  a n d  f l o w  w i t h  n o  
p r e s s u r e  g r a d i e n t ,  t h i s  c o n d i t i o n  i s  i n  f a c t  n e v e r  
o b t a i n e d .  
	
B u t  f o r  s o m e  M a c h  n u m b e r s  a n d  w i t h  a  n e g a -  
t i v e  ( f a v o u r a b l e )  p r e s s u r e  g r a d i e n t  o r  b y  w i t h d r a w i n g  
h e a t  a w a y  f r o m  t h e  b o u n d a r y  l a y e r ,  i t  i s  p o s s i b l e  t o  
O b t a i n  c o m p l e t e  l a m i n a r  s t a b i l i t y ,  a n d  i t  i s  t h i s  
e v e n t u a l i t y  w h i c h  i s  o f  p a r t i c u l a r  p r a c t i c a l  i n t e r e s t .  
T h e  l a t t e r  c a s e  h a s  b e e n  c a l c u l a t e d  b y  L e e s  ( r e f e r e n c e  1 1 )  
a n d  t h e  f o r m e r  i s  d e a l t  w i t h  i n  t h i s  p a p e r .  
A n  a t t e m p t  t o  m a k e  t h e  p r e s e n t  p a p e r  c o m p l e t e l y  
s e l f - c o n t a i n e d  i n  a l l  m a t h e m a t i c a l  d e t a i l s  w o u l d  m a k e  i t  
p r o h i b i t i v e l y  l a r g e ,  a n d ,  i n  a n y  c a s e ,  
w o u l d  
o n l y  b e  
r e p e a t i n g  m u c h  o f  L e e s '  a n d  L i n ' s  w o r k .  
	
T h e  a u t h o r  h a s ,  
t h e r e f o r e  t r i e d  t o  m a k e  t h e  m a i n  s e c t i o n  o f  t h e  p a p e r  
i n t e l l i g i b l e  w i t h o u t  r e f e r e n c e  t o  L e e s '  a n d  L i n ' s  r e p o r t s ,  
k e e p i n g  t h e  m a t h e m a t i c s  t o  a  m i n i m u m ,  w h i l s t  t h e  m a t h e m a t i c a l  
a n a l y s i s  t h a t  i s  o r i g i n a l  h a s  b e e n  i n c l u d e d  i n  a p p e n d i c e s ,  b u t  i t  
w i l l  b e  
f o u n d  t h a t  t h e  l a t t e r  c a n  o n l y  b e  s t u d i e d  t o  a d v a n t a g e  i n  












2. 	 Outline of the Mathematical Theory of Stability  
2.1 The perturbation equations  
Except in special cases, the only method of 
finding the conditions under which the viscous equations 
of motion admit of a solution in the form of a perturba-
tion is by linearisation of the equations. 
	 This can be 
done by considering the harmonic components of a small 
disturbance. 	 Thus, we take a typical normal mode in the 
form 
q(x, y) exp ia(x 
	 et) 
where c = c r + icy cr and c i real 
a is real and positive 
q may be complex. 
It has been shown by Squire (reference 12) that 
for parallel incompressible flow three-dimensional 
disturbances are more stable than two-dimensional 
disturbances; the restriction of the mode (1) to two 
dimensions is thus justified for incompressible flow. 
This result has not been proved for compressible flow, 
but physical considerations lead us to expect that there 
cannot be any fundamental difference in the behaviour of 
disturbances in this respect between the compressible and 
incompressible case. 
Suda a two-dimensional stability theory can be 
applied formally to approximately parallel flows or flows 
over slightly curved surfaces, where the velocity in the 
boundary layer normal to the surface is small. 	 The 
validity of such applications can be assessed in the 
light of work done by Gbrtler (reference 13), who has 
studied the three-dimensional disturbance problem for 
incompressible flow over curved surfaces. 	 G6rtler found 
that boundary layer profile had relatively little effect 
on three-dimensional disturbances, but that a convex sur-
face was stabilising and a concave surface devastatingly 
destabilising. 	 In general, two-dimensional disturbances 
determine the stability of flow over flat or convex sur-
faces, with a positive or negative pressure gradient, but 
for concave surfaces instability is first brought about 
by three-dimensional disturbances. 	 In particular, when 
considering the stability of the laminar boundary layer 
on normal aerofoils the two-dimensional theory is usually 
applicable. 
Returning now to equation (1), we see that the 
disturbance is damped if ci< 0, is amplified if ci > 0, 
and is beutraltif ci = O. 	 The neutral disturbance forms 
the boundary between stability and instability of the 
laminar layer, and the occurrence of the latter will 
eventually lead to transition. 	 It is assumed that 
transition occurs when the amplification of the distur-
bance reaches a certain level, this corresponding to a 
larger Reynolds number than for the neutral disturbance, 
as the analysis shows. 
To obtain the perturbation equations, the 
disturbance quantities in the form (1) are introduced 
into the full viscous equations of motion, which are 
then linearised by neglecting squares and products of 
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l a y e r  a p p r o x i m a t i o n s  t o  t h e  m e a n  f l o w  q u a n t i t i e s ,  f o r  w h i c h  
t h e  b o u n d a r y  l a y e r  e q u a t i o n s  a r e  a l s o  a s s u m e d  t o  h o l d .  
B e c a u s e  o f  t h e  b o u n d a r y  l a y e r  a p p r o x i m a t i o n s  t h e  t h e o r y  i s  
e s s e n t i a l l y  a p p l i c a b l e  f o r  l a r g e  R e y n o l d s  n u m b e r s  o n l y ,  a n d  
t h e  l a r g e  R  c o n d i t i o n  i s  a l s o  m a d e  u s e  o f  i n  o b t a i n i n g  t h e  
s o l u t i o n s  a s  s e r i e s  e x p a n s i o n s .  
T h e  d e t a i l s  o f  t h i s  p r o c e d u r e  a r e  g i v e n  i n  
A p p e n d i x  A l ,  w h e r e  i t  i s  f o u n d  t h a t  t h e  a d d i t i o n a l  r e s t r i c -
t i o n  t h a t  
R
- 1  
‹ . ‹ .  0 ( a )  K C  
R ,  
w h e r e  R  i s  t h e  R e y n o l d s  n u m b e r  b a s e d  o n  t h e  b o u n d a r y  l a y e r  
t h i c k n e s s ,  i s  n e e d e d  t o  o b t a i n  t h e  p e r t u r b a t i o n  e q u a t i o n s .  
W e  c a n  w r i t e  t h i s  a l t e r n a t i v e l y ,  t h o u g h  l e s s  p r e c i s e l y ,  a s  
a  =  0  ( 1  )  
o r  
	
a
3 E  
=  0 ( 1 / 6 ) ,  
i . e .  t h e  w a v e  l e n g t h ,  2 q L / a
*
,  o f  t h e  d i s t u r b a n c e  i s  o f  t h e  
o r d e r  o f  m a g n i t u d e  o f  t h e  b o u n d a r y  l a y e r  t h i c k n e s s .  	
T h i s  
i s  t h e  a s s u m p t i o n  m a d e  b y  P r e t s c h
l 5  
i n  h i s  t r e a t m e n t  o f  
t h e  i n c o m p r e s s i b l e  c a s e  o f  f l o w  w i t h  a  p r e s s u r e  g r a d i e n t .  
F r o m  t h e  v a r i o u s  n u m e r i c a l  c a l c u l a t i o n s  t h a t  h a v e  b e e n  m a d e ,  
i t  a p p e a r s  t h a t  t h i s  a s s u m p t i o n  i s  c o r r e c t .  
W e  f i n d  t h a t  i n  t h e  l i m i t  R - 4  4 0 0 ,  t h e  d i f f e r e n t i a l  
e q u a t i o n s  f o r  t h e  d i s t u r b a n c e s  r e d u c e  t o  t h o s e  w i t h  n o  
p r e s s u r e  g r a d i e n t .  
	
I n  p a r t i c u l a r ,  t h e  e q u a t i o n  f o r  Q I  
( 0 ,  O e i  ( x - c t )  
i s  t h e  n o n - d i m e n s i o n a l  d i s t u r b a n c e  v e l o c i t y  
n o r m a l  t o  t h e  s u r f a c e ) ,  
d i   ( w - c ) P  -  w ' 9 (  )  
-  G 2 ( w _ c )  
d  Y  T  -  M
1
2  ( w - - c  ) 2 . 1   
 V ) 9  
T  
	
( 2 )  
i s  t h e  s a m e  a s  t h e  b a s i c  e q u a t i o n  u s e d  b y  L e e s  a n d  L i n  
( r e f e r e n c e  1 0 )  i n  t h e i r  t r e a t m e n t  o f  t h e  i n v i s c i d  c a s e  
o f  s t a b i l i t y  w i t h o u t  a  p r e s s u r e  g r a d i e n t .  
T h e  e q u a t i o n s  o f  m o t i o n ,  o f  c o n t i n u i t y ,  o f  e n e r g y  
a n d  o f  s t a t e  y i e l d  f i v e  l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  f o r  
f i v e  d i s t u r b a n c e  q u a n t i t i e s  f ,  
0 ,  	 r ,  6 ,  w h i c h  a r e  
e q u i v a l e n t  t o  s i x  h o m o g e n e o u s  e q u a t i o n s  i n  s i x  i n d e p e n d e n t  
v a r i a b l e s ,  w i t h  s i x  l i n e a r l y  i n d e p e n d e n t  s o l u t i o n s .  	
T h e  
s i x  v a r i a b l e s  c h o s e n  a r e  
f ;  f t ;  0 ;  	 2  9  
M
1  
0 ,  0  
 
( 3 )  
 
T h r e e  m e t h o d s  o f  s o l u t i o n  o f  t h e s e  e q u a t i o n s  a r e  
c o n s i d e r e d :  c o n v e r g e n t  s e r i e s  s o l u t i o n  i n  p o w e r s  o f  
( a R )
- 1 / 3
,  
a n d  a s y m p t o t i c  s e r i e s  s o l u t i o n s  i n  p o w e r s  o f  
( a R )  1  
a n d  i n  p o w e r s  o f  ( a R )  
	
I n  e a c h  c a s e  t h e  i n i t i a l  
a p p r o x i m a t i o n  a s  a  f u n c t i o n  o f  t h e  m e a n  f l o w  q u a n t i t i e s  i s  
f o u n d  t o  b e  i n d e p e n d e n t  o f  x ,  a n d  i s  t h u s  n o t  d i r e c t l y  
d e p e n d e n t  o n  ; A l e  p r e s s u r e  g r a d i e n t .  	
T h e  i n f l u e n c e  o f  t h e  
p r e s s u r e  g r a d i e n t  i s  b r o u g h t  a b o u t  e n t i r e l y  t h r o u g h  i t s  
e f f e c t  o n  t h e  m e a n  f l o w ,  i . e .  b y  i t s  e f f e c t  o n  t h e  l o c a l  
s t e a d y  b o u n d a r y  l a y e r  v e l o c i t y  a n d  t e m p e r a t u r e  d i s t r i b u t i o n s .  
T h e  b o u n d a r y  c o n d i t i o n s  t o  b e  s a t i s f i e d  b y  t h e  
d i s t u r b a n c e s  a t  t h e  ' e d g e '  o f  t h e  b o u n d a r y  l a y e r  a n d  a t  t h e  
s u r f a c e  f o r m  s i x  h o m o g e n e o u s  e q u a t i o n s  i n  t h e  v a r i a b l e s  
( 3 ) .  
/ S i n c e  .  
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l a y e r  a p p r o x i m a t i o n s  t o  t h e  m e a n  f l o w  q u a n t i t i e s ,  f o r  w h i c h  
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a n d  o f  s t a t e  y i e l d  f i v e  l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  f o r  
f i v e  d i s t u r b a n c e  q u a n t i t i e s  f ,  
0 ,  	 r ,  6 ,  w h i c h  a r e  
e q u i v a l e n t  t o  s i x  h o m o g e n e o u s  e q u a t i o n s  i n  s i x  i n d e p e n d e n t  
v a r i a b l e s ,  w i t h  s i x  l i n e a r l y  i n d e p e n d e n t  s o l u t i o n s .  	
T h e  
s i x  v a r i a b l e s  c h o s e n  a r e  
f ;  f t ;  0 ;  	 2  9  
M
1  
0 ,  0  
 
( 3 )  
 
T h r e e  m e t h o d s  o f  s o l u t i o n  o f  t h e s e  e q u a t i o n s  a r e  
c o n s i d e r e d :  c o n v e r g e n t  s e r i e s  s o l u t i o n  i n  p o w e r s  o f  
( a R )
- 1 / 3
,  
a n d  a s y m p t o t i c  s e r i e s  s o l u t i o n s  i n  p o w e r s  o f  
( a R )  1  
a n d  i n  p o w e r s  o f ( a R )  
	
I n  e a c h  c a s e  t h e  i n i t i a l  
a p p r o x i m a t i o n  a s  a  f u n c t i o n  o f  t h e  m e a n  f l o w  q u a n t i t i e s  i s  
f o u n d  t o  b e  i n d e p e n d e n t  o f  x ,  a n d  i s  t h u s  n o t  d i r e c t l y  
d e p e n d e n t  o n  ; A l e  p r e s s u r e  g r a d i e n t .  	
T h e  i n f l u e n c e  o f  t h e  
p r e s s u r e  g r a d i e n t  i s  b r o u g h t  a b o u t  e n t i r e l y  t h r o u g h  i t s  
e f f e c t  o n t h e m e a n  f l o w , i . e .  b y  i t s  e f f e c t  o n  t h e  l c a l  
s t e a d y  b o u n d a r y  l a y e r  v e l o c i t y  a n d  t e m p e r a t u r e  d i s t r i b u t i o n s .  
T h e  b o u n d a r y  c o n d i t i o n s  t o  b e  s a t i s f i e d  b y  t h e  
d i s t u r b a n c e s  a t  t h e  ' e d g e '  o f  t h e  b o u n d a r y  l a y e r  a n d  a t  t h e  
s u r f a c e  f o r m  s i x  h o m o g e n e o u s  e q u a t i o n s  i n  t h e  v a r i a b l e s  
( 3 ) .  
/ S i n c e  .  
a y e r  a p p r o x i m a t i o n s  t o  t h e m e a n  f l o w  q u a n t i t i e s ,  f o r  w h i c h  
h e  b o u n d a r y  l a y e r  e q u a t i o n s  r e  a l s o a s s u m e d  t h o l d .  
e  o f  t h e  b o u n d a r y  l a y e r  a p p r o x i m t i o n s  t h e  t h e o r y  i
e n t i a l l y  a p p l i c a b l e  f o r  l a r g e  R e y n o l d s  n u m b e r s  n l y ,  a d  
h e  l a r g e  R  c o n d i t i o n  i s  a l s o  m a d e  u s e  o f  i n  o b t a i n i n g  t h e  
l u t i o n s  a  s e r i e  x p a n s i o n s .  
d e t a i l s  o f  t h i s  p r o c e d u r e  a r e  g i v e n  i n  
,  w h e r  i t  i s  f o u n d  t h a t  t h e  a d d i t i o n a l  r s t r i c -
i o n  t h a t  
1  
. ‹ .  0 ( a )  
,  
e  R  i s  t h e  R e y n o l d s  n u m b e r  b a s e d  o n  t h e  b o u n d a r y  l a y e r  
h i c k n e s s ,  i  n e e d e d  t o  o b t a i n  t h e  p e r t u r b a t i o n
e   w r i t e  h i s  a l t e r n a t i v e l y ,  t h o u g h  l e s s  p r e c i s e l y , a s  
=  0  ( 1  )  
 
	
=  0 ( 1 / 6 ) ,  
. e .  t h e  w a v e  l e n g t h ,  2 q L / a  o f  t h e  d i s t u r b a n c e  i s  o f  t h e  
d e r  o f  m a g n i t u d e  o f  t h e  b o u n d a r y  l a y e r  t h i c k n e s s .  	
s  
s  t h e  a s s u m p t i o n  m a d e  b y  P r e t s c h
i n  h i s  t r e a t m e n t  o f  
h e  i n c o m p r e s s i b l e  c a s o f  f l o w  w i t h  a  p r e s s u r e  g r d i e n t .  
o m t h e  v a r i o u s  n m e r i c a l  c a l u l a t i o n s  t h a t  h a v e  b e e n  m a d e ,  
t  a p p e a r s  t h a t  h i s  a s s u m p t i o n  i s  c o r r e c t .  
e  i n d  t h a t  i n  h e  l i m i t  R - 4  4 0 0 ,  t h e  d i f f e r e n t i a l  
t i o n s  f o r  t h e  d i s t u r b a n c e s  r e d u c e  t o  t h o s e  w i t h  n
e s u r e  g r a d i e n t .  
	
n  p a r t i c u l a r ,  t h e  e q u a t i o n  f o r  
0 ,  O e i  ( x - c t )  
s  t h e  n o n - d m e n s i o n a l  d i s t u r b a n c e  v e l o c i t y  
m l  t o  t h e  s u r f a c e ) ,  
 ( w - c ) P  -  w ' 9 (  )  
 G 2 ( w _ c )  
Y  T  - M
w - - c  ) 1  
9  
	
s  t h e  s a m e  a s  t h e  b a s i c e q u a t i o n  u s e d  b y  L e e s  a n d  L i n
r e f e r n c e  1 0 )  i n  t h e r  t r e a t m e n t  o f  t h e  i n v i s c i d  c a s e  
 s t a b i l i t y  w t h o u t  a  p r e s s u r e  g r a d i e n t .  
e q u a t i o n s  o f  m t i o n ,  o f  c o n t i n u i t y ,  o f  e n e r g y  
 o f  s t a t e  y i e l d  f i v  i n e a r  d i f f e r e n t i a l  e q u a t i o n s  f o r  
i v e  d i s t u r b a n c e  q u a n t i t i e s  f ,  
,  	 ,  6 ,  w h i c h  a r e  
i v a l e n t  t o  s i x  h o m o g e n e o u s  e q u a t i o n s  i n  s i x  i n d e p e n d e n t  
r i a b l e s ,  w i t h  s i x  l i n e a r l y  i n d e p e n d e n t  s o l u t i o n s .  	
i x  v a r i b l e s  c h o s e n  a r e  
;  f  0 ;  	 9  
 
e e  m e t h o d s  o f s o l u t i o n  o f  t h e s e  e q u a t i o n s  a r  
s i d e r d :  c o n v e r g e n t  s e r i e s  s o l u t i o n  i n  p o w e r s  o f
 a s y m p t o t i c  s e r i e s  s o l u t i o n s  i n  p o w e r  o f  
a R )  
a n d  i n  p o w e r s  o f  ( a R )  
	
n  e a c h  c a s e  t h  i n i t i a l  
r o x i m a t i o n  a s  a  f u n c t i o n  o f  t h e  m e a n  f l o w  q u a n t i t i e s  i s  
o u n d  t o  b e  i n d e p e n d e n t  o f  x ,  a n d  i s  t h u s  n o t d i r e c l y  
d e n t  o n  ; A l e  p r e s s u e  g r a d i e n t .  	
i n f l u e n c  o f  t h e  
e s u r e  g r a d i e n t  i s  b r o u g h t  a b t  e n t i r e l y  t h r o u g h  i t s  
f e c t  o n  t h e  m e a n  f l o w ,  i . e .  b y  i t s  e f f c t  o n  t h e  l o c a l  
t e a d y  b o u n d a r y  l a e r  v e l o c i t y  a n d  t e m p e r a t u r e  d i s t r i b u t i o n s .  
b o u n d a r y  c o n d i t i o n s  t o  b e  s a t i s f i e d b y  t h e  
s t u r b a n c e s  a t  t h e  ' e d g e ' o f  t h e  b o u n d a r y  l a y e r  a n d  t  t h e  
r f a c e  f o r m  s i x  h o m o g e n e u s  e q u a t i o n s  i n  t h e  v a r i a b l e s  
S i n c e  .  
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Since these must also satisfy six homogeneous differential 
equations, there must be a restriction on the values of the 
parameters occurring in the equations (viz. a, c, R and M1) 
in the form of a secular or characteristic equation . 	 The 
derivation of the secular equation is the same with or with-
out a pressure gradient and need not be entered into hare 
(for details see Appendix A3 and reference 10). 	 For a 
given boundary layer profile and chosen values of M1 and ci 
(the amount of damping or amplification), the secular equation 
gives a relationship between a and R, and a and c r . 	 There 
are, however, important exceptions to this when the main 
stream flow is supersonic. 	 In the first instance, for the 
neutral supersonic disturbance, i.e. for 
C = 0, 	 C r < 1 - 1/M 1 , 
the boundary condition for 0 at the edge of the boundary 
layer is automatically satisfied by both solutions of the 
differential equation (2) for 0, see Appendix A4. Hence 
there is no characteristic equation to be satisfied and a 
disturbance of any wave length and velocity can exist for 
all Reynolds numbers. 	 However, for an amplified supersonic 
disturbance, ui 
	
0, the secular equation exists, but has no 
solution, i.e. there is no amplified solution to the distur-
bance equation which can satisfy the boundary conditions ; 
 and the boundary layer must then be stable to small 
disturbances of all wave lengths and velocities. 
2.2 The inviscid case  
The differential equation for 0  in the case 
R---) 0c) 	 is 
cd i.A (w-c) t' - w'02  I - a2 	 09  
Y( T - M 1 	 (w-c) 
the same as given by Lees and Lin for flow without a pressure 
gradient. 	 Two particular integrals are 
(w-c)i! a2nh2n(Y;c , m1 2 ) 0 
02 (Y;a2 ycyMi`. ) = (w-c ) t,(3 a2 2 k 2n4-1 ( Y ;c2M 1 0 
(Y9a2 9c ,M12 ) = 
( 5 ) 
where 
h2n 	 S y 
 ( 
ow_Tc)2 	 1 2 )dy CSY 	  h2n-2T Y y
o 
0 
	 = 1 
	 (6) 
2n+1 =
SY ( T  
0 	 m 
2 )cly 3 y 	 T ( -c )
2 
k 2n-1 dy y
o
\ (w- c 
nY 
k 1 	 = 0 	 M 1 ) dy 
'yo ((14r--c) 
As shown by Lin (reference 5) the path of integration in 
(6) must lie below the singular point y = Yc (where w = c) 
in the complex y-plane. 
/A study .. 
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t y = Yc (where w
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A  s : ;  d y  o f  t h e  c h a l . a c A e r i s t i c s  o f  t h e  s o l u t i o n  
o f  ( 4 )  
h a s  b e e n  m a d e  b y  L e e s  E n d  
L i n  ( r e f e r e n c e  1 0 ) ,  a n d  
t h e  o n l y  m o d i f i c a t i o n  o f  
t h e i r  a n a l y s i s  
r e q u i r e d  f o r  t h e  
c a s e  o f  f l o w  w i t h  a  p r e s s u r e  g r a d i e n t  i s  a  m i n o r  o n e  t h a t  
o c c u r s  i n  t h e  p r o o f  o f  t h e  d i s t u r b a n c e  e n e r g y  r e l a t i o n s ,  
a n d  i n v o l v e s  t h e  m e a n  f l o w  e q u a t i o n s  o f  m o t i o n .  
	
A  s u m m a r y  
o f  t h e  m o r e  i m p o r t a n t  
r e s u l t s  w h i c h  
t h e y  o b t a i n e d  t h a t  a r e  
r e l e v a n t  t o  t h e  p r e s e n t  d i s c u s s i o n  a r e  g i v e n  h e r e .  
T h e r e  i s  a  t r a n s f e r  o f  e n e r g y  b e t w e e n  t h e  m a i n  
f l o w  a n d  t h e - d i s t u r b a n c e  m o t i o n  a t  t h e  c r i t i c a l  l a y e r  
w h e r e  w  =  c .  	
T h i s  o c c u r s  t h r o u g h  a  c h a n g e  i n  t h e  r e l a t i v e  
p h a s e  o f  t h e  x -  a n d  y - c o m p o n e n t s  o f  t h e  d i s t u r b a n c e  m o t i o n  
a t  y  =  c  a n d  t h e  a p p e a r a n c e  o f  a  R e y n o l d s  s t r e s s  t h e r e .  
S i n c e ,  f o r  t h e  n e u t r a l  d i s t u r b a n c e ,  t h i s  s h e a r  s t r e s s  i s  
p r o p o r t i o n a l  t o  
d y  % ,  T -  
 
w c  
i t  i s  f o u n d  t h a t  i f  
.  ,  r d
d y  
V T '  
 
>  0  p  
w = c  
( c  =  c
r
) ,  
- )  
e n e r g y  p a s s e s  f r o m  t h e  m e a n  
f l o w  t o  t h e  d i s t u r b a n c e ,  
d  
 ( T i  
( . . rv )  	 °  
w = c  •  
t h e r e  i s  n o  e x c h a n g e  o f  
e n e r g y  b e t w e e n  t h e  m e a n  
a n d  d i s t u r b a n c e  m o t i o n s ,  
( 7 )  
r w ' \ 1  
d y  T  	
0  
w = c  
t h e  d i s t u r b a n c e  l o s e s  
e n e r g y  t o  t h e  m e a n  f l o w .  
T h e s e  r e s u l t s  c a n  b e  c o r r e l a t e d  w i t h  t h e  t h r e e  
c a s e s  o f  a m p l i f i e d ,  n e u t r a l  a n d  d a m p e d  d i s t u r b a n c e s :  
A m p l i f i e d  d i s t u r b a n c e s  c i  >  0 .  
T h e  s u b s o n i c  d i s t u r b a n c e s  t a k e  t h e  f o r m  o f  
o u t g o i n g  w a v e s  e x p o n e n t i a l l y  a t t e n u a t e d  f o r  l a r g e  y .  
A  s u f f i c i e n t  c o n d i t i o n  f o r  t h e i r  e x i s t e n c e  i s  t h a t  
d  w  
T y  ( T  )  °  
f o r  s o m e  w  >  1  -  1 / M
1
.  
N e u t r a l  d i s t u r b a n c e s  c i  =  0 .  
S u b s o n i c  d i s t u r b a n c e s  t a k e  t h e  f o r m  o f  w a v e s  
t r a v e l l i n g  p a r a l l e l  t o  t h e  x - a x i s ,  e x p o n e n t i a l l y  a t t e n u a t e d  
i n  y  f o r  l a r g e  y .  
	
A  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n  
f o r  t h e i r  e x i s t e n c e  i s  t h a t  
d y  L  T  
	




,  s a y ,  
a n d  t h e n  t h e  p h a s e  v e l o c i t y  o f  t h e  d i s t u r b a n c e  i s  c
s  
I n  t h e  c a s e  o f  s u p e r s o n i c  d i s t u r b a n c e s  b o t h  
i n c o m i n g  a n d  o u t g o i n g  d i s t u r b a n c e s  e x i s t  a n d  a r e  n o t  
a t t e n u a t e d .  
	
T h e  c h a r a c t e r i s t i c  e q u a t i o n  d o e s  n o t  e x i s t  
a n d  w e  m a y  s a y  t h a t  t h e  c h a r a c t e r i s t i c  v a l u e s  a r e  c o n -  
t i n u o u s .  
	
N o t e  t h a t  i n  t h i s  e v e n t  a n y  o f  t h e  t h r e e  c a s e s  
( 7 )  c a n  h o l d ,  s i n c e  t h e  i n g o i n g  a n d  o u t g o i n g  d i s t u r b a n c e s  
c a n  b e  o f  d i f f e r e n t  a m p l i t u d e s .  
/ D a m p e d  . . .  
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e n e r g y  b e t w e e n  t h e  m e a n  
a n d  d i s t u r b a n c e  m o t i o n s ,  
( 7 )  
r w ' \ 1  
d y  T  	
0  
w = c  
t h e  d i s t u r b a n c e  l o s e s  
e n e r g y  t o  t h e  m e a n  f l o w .  
T h e s e  r e s u l t s  c a n  b e  c o r r e l a t e d  w i t h  t h e  t h r e e  
c a s e s  o f  a m p l i f i e d ,  n e u t r a l  a n d  d a m p e d  d i s t u r b a n c e s :  
A m p l i f i e d  d i s t u r b a n c e s  c i  >  0 .  
T h e  s u b s o n i c  d i s t u r b a n c e s a k e  t h e  f o r m  o f
o u t g o i n g  w a v e s  e x p o n e n t i a l l y  a t t e n u a t e d  f o r  l a r g e  y .  
A  s u f f i c i e n t  c o n d i t i o n  f o r  t h e i r  e x i s t e n c e  i s  t h a t  
d  w  
T y  ( T  )  °  
f o r  s o m e  w  >  1  -  1 / M
1
.  
N e u t r a l  d i s t u r b a n c e s  c i  =  0 .  
S u b s o n i c  d i s t u r b a n c e s  t a k e  t h e  f o r m  o f  w a v e s  
t r a v e l l i n g  p a r a l l e l  t o  t h e  x - a x i s ,  e x p o n e n t i a l l y  a t t e n u a t e d  
i n  y  f o r  l a r g e  y .  
	
A  n e c e s s a r y  a n d  s u f f i c i e n t c o n d i t i o n  
f o r  t h e i r  e x i s t e n c e  i s  t h a t  
d y  L  T  
	




,  s a y ,  
a n d  t h e n  t h e  p h a s e  v e l o c i t y  o f  t h e  d i s t u r b a n c e  i s  c
s  
I n  t h  a s e  o f  s u p e r s o n i c  d i s t u r b a n c e s  b o t h  
i n c o m i n g  a n d  o u t g o i n g  d i s t u r b a n c e s  e x i s t  a n d  a r e  n o t  
a t t e n u a t e d .  
	
T h e  c h a r a c t e r i s t i c  e q u a t i o n  d o e s  n o t  e x i s t  
a n d  w e  m a y  s a y  t h a t  t h e  c h a r a c t e r i s t i c  v a l u e s  a r e  c o n -  
t i n u o u s .  
	
N o t e  t h a t  i n  t h i s  e v e n t  a n y  o f  t h e  t h r e e  c a s e s  
( 7 )  c a n  h o l d ,  s i n c e  t h e  i n g o i n g  a n d  o u t g o i n g  d i s t u r b a n c e s  
c a n  b e  o f  d i f f e r e n t  a m p l i t u d e s .  










The intermediate case with p = 0 always has the 
degenerate neutral solution at w = c s = 0, which gives 
a = c = 0; apart from this the general behaviour is 
as for p > 0. /The ... 
dw Since ddw 
 --7 -30, for r,--- 00, as - 
	 , but the positive Mach 
d4- 	 2 	 d4 
number term -4 0 as (dw ) . ci. 
- 1 0 - 
Damped disturbances c i 4 O. 
The disturbances travel inward and are attenuated 
with y as y-*oc. 
These results for the inviscid case show that the 
stability depends essentially on the variation of the 
quantity 
d 1 d2w 	 1 dw dT 
dy\T) 
	 T dy 2 T2 dy dy 
across the boundary layer. 
	 For flow past an insulated 
surface we can apply the transformation given in section 3, 
so that 
d fw") _ K /1 d2w 	 2(Y-1)M12 	 dw , 2  
dy \,.T ) - T 3 d42 + 	 T 
	
w (737) 4 
fm+1  	 u il   
where 4 = ,-- 	 Y. , 	 and K) 0. 
.N! 2 	 x 	 x 	 1 
4v 	 xi "10  
For a main stream flow given by 
m 
u11 
we have the following results (Appendix B1), 
Z
• 	
%-/ 9 	 cTZ 	 as 	 ; 
,2 
a w _ _ dw w 	 5(w2 - 1); 
de dY 0 
where (3 = 2m/(m+1). 
We can thus draw the following conclusions 
d 
about the behaviour of -cry- t, ,17.--) :- 
If (3 L 0 (positive pressure gradient) 
c1y (1-,) is always positive at 4 = 0, and negative if 
is large enough. 
	
Hence it is zero for some w = c sY and 
provided C 3 ,44 1 - 1/M1, the inviscid boundary layer will be 
unstable for all values of H1. 
If p 	 0 (negative pressure gradient) 
dy T r) is negative at = 0, and will remain 
negative for all Y if M1 is small enough or p large 
enough, but it will become positive for some 4 if M1 
is made large enough. 	 Hence for small M1 and large p 
the boundary layer will be stable, but if Mi is chosen 
large enough It can always be made unstable. 
The intermediate case with p = 0 always has the 
degenerate neutral solution at w = c s = 0, which gives 
a = c = 0; apart from this the general behaviour is 
as for p > 0. /The ... 
dw Since ddw 
 --7 -50, for r,--- 00, as - 
	 , but the positive Mach 
c14- 	 2 	 d4 
number term 
-4 0 as (dw ) . ci. 
— 1 0 — 
Damped disturbances c i 4 O. 
The disturbances travel inward and are attenuated 
with y as y-*,:x.;. 
These results for the inviscid case show that the 
stability depends essentially on the variation of the 
quantity 
d 1 d2w 	 1 dw dT 
dy\T) 
	 T dy 2 T2 dy dy 
across the boundary layer. 
	 For flow past an insulated 
surface we can apply the transformation given in section 3, 
so that 
T4 
d fw") 	 w /1 d2w 	 2 	( Y-1  )M 12 	 ( dy 
 dy kT 3 d.4 2 	 w (-7; ) • 
fm+1 /  u 
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10 
For a main stream flow given by 
m 
u 11  = 11 
we have the following results (Appendix B1), 
Z
• 	
%-/ 9 	 cTZ 	 as 	 ; 
,2 
a w 	 dw 
d
= _ 
e dY 0 
where (3 = 2m/(m+1). 
We can thus draw the following conclusions 
about t 	 dhe behaviour of 	 :
If (3 4 0 (positive pressure gradient) 
cTy (1-,) is always positive at 4 = 0, and negative if 
is large enough. Hence it is zero for some w = c sY and 
provided c31 - 1/M1, the inviscid boundary layer will be 
unstable for all values of H1. 
If p 	 0 (negative pressure gradient) 
dy T r) is negativ  at = 0, and will remain
negative for all Y if M1 is small enough or p large 
enough, but it will become positive for some 4 if M1 
is made large enough. 	 Hence for small M1 and large p 
the boundary layer will be stable, but if Mi is chosen 










• f I\ 
i 
= 1 d 	 2 
  M 
,









 = 11 
 	











T h e  f o r e g o i n g  c o n c l u s i o n s  a p p l y  o n l y  
f o r  
t h e  
s u b s o n i c  d i s t u r b a n c e s ;  i f ,  h o w e v e r ,  c
s  <  1  -  1 / M I ,  w e  
h a v e  a  s u p e r s o n i c  d i s t u r b a n c e  a n d  o n l y  n e u t r a l  a n d  
d a m p e d  d i s t u r b a n c e s  c a n  e x i s t ,  s o  t h a t  t h e  b o u n d a r y  
l a y e r  i s  s t a b l e .  	
T h i s  i s  d e a l t  w i t h  m o r e  f u l l y  i n  t h e  
A p p e n d i x .  	
N u m e r i c a l  c a l c u l a t i o n s  a r e  r e q u i r e d  t o  
d e t e r m i n e  t h e  v a l u e s  o f  M 1  a n d  
p  
f o r  w h i c h  t h i s  o c c u r s ,  
a n d  s u c h  c a l c u l a t i o n s  h a v e  b e e n  c a r r i e d  o u t  i n  t h e  
p r e s e n t  p a p e r  ( s e e  s e c t i o n  3 ) .  	
T h e  e f f e c t  o f  a  n o n -  
i n s u l a t e d  s u r f a c e  i s  a l s o  i m p o r t a n t  i n  t h i s  c o n n e c t i o n ,  
a n d  t h e  v a l u e s  o f  t h e  r a t i o  o f  t h e  t e m p e r a t u r e  a t  t h e  
w a l l  t o  t h e  m a i n  s t r e a m  t e m p e r a t u r e ,  T S / T T  ,  w h i c h  g i v e  
s t a b i l i t y  h a v e  b e e n !  c a l c u l a t e d  b y  L e e s  ( r e f e r e n c e  1 1 )  
f o r  z e r o  p r e s s u r e  g r a d i e n t .  
2 . 3  T h e  
v i s c o u s  s o l u t i o n   
I t  h a s  a l r e a d y  b e e n  m e n t i o n e d  t h a t  t h e  i n i t i a l  
a p p r o x i m a t i o n s  f o r  t h e  s o l u t i o n  o f  t h e  s t a b i l i t y  p r o b l e m  
f o r  a  v i s c i d  b o u n d a r y  l a y e r  w i t h  a  p r e s s u r e  g r a d i e n t  
d e p e n d s  o n l y  o n  t h e  l o c a l  v e l o c i t y  a n d  t e m p e r a t u r e  d i s -
t r i b u t i o n s  o f  t h e  b o u n d a r y  l a y e r  f l o w .  
	
T h e  g e n e r a l  
c o n c l u s i o n s  a n d  e x p r e s s i o n s  o b t a i n e d  b y  L e e s  ( r e f e r e n c e  1 1 )  
a r e  t h e r e f o r e  a p p l i c a b l e  t o  t h e  c a s e  b e i n g  c o n s i d e r e d  i n  
t h i s  p a p e r  o f  f l o w  w i t h  a  p r e s s u r e  g r a d i e n t .  
I n  p a r t i c u l a r ,  L e e s '  c o n s i d e r a t i o n s  o f  t h e  
e n e r g y  b a l a n c e  i n  t h e  b o u n d a r y  l a y e r ,  w h i c h  h a v e  b e e n  
s u m m a r i z e d  i n  s e c t i o n  1 ,  h o l d  g o o d ,  a n d  t h e  c h a r a c t e r i s t i c  
e q u a t i o n  f o r  t h e  n e u t r a l  d i s t u r b a n c e  o b t a i n e d  b y  h i m  c a n  
b e  u s e d  i n  o u r  c a s e .  	
F o r  p r o o f  o f  t h e  e x i s t e n c e  o f  
n e u t r a l  o r  a m p l i f i e d  d i s t u r b a n c e s  ' a d j a c e n t '  t o  t h e  i n -
v i s c i d  n e u t r a l  d i s t u r b a n c e s  ( t h e  H e i s e n b e r g  c r i t e r i o n )  
a n d  o t h e r  m a t h e m a t i c a l  d e t a i l s  t h e  r e a d e r  i s  r e f e r r e d  
t o  h i s  p a p e r .  
T h e  s e c u l a r  e q u a t i o n  f o r  t h e  n e u t r a l  s u b s o n i c  
d i s t u r b a n c e ,  a s  o b t a i n e d  b y  L e e s ,  i s  
E ( a ,  
c r 9  
 M 1
2  
 )  	 F ( z ) ,  c
r  
>  1  -  1 / M
i ,  
f e a ,  R  
v f )
1  






( 8 )  
w h e r e  v  i s  t h e  n o n - d i m e n s i o n a l  k i n e m a t i c  v i s c o s i t y .  
H e r e  F ( z )  i s  t h e  T i e t j e n s  f u n c t i o n  ( e q u a t i o n ( 4 0 ,  
A p p e n d i x  A ) ,  a n d  E  i s  a  f u n c t i o n  o f  t h e  i n v i s c i d  s o l u -
t i o n s  o n l y ,  e q u a t i o n ( 5 ) .  
	
E  
a n d  F  a r e  c o m p l e x ,  a n d  
e q u a t i o n  ( 8 )  i s  e q u i v a l e n t  t o  t w o  r e a l  e q u a t i o n s .  
	 T h e  
f o r m  o f  t h e  e q u a t i o n  w h e n  e x p r e s s e d  a s  a  f u n c t i o n  o f  
t h e  b o u n d a r y  l a y e r  t e m p e r a t u r e  a n d  v e l o c i t y  d i s t r i b u t i o n s ,  
a n d  s u i t a b l e  f o r  n u m e r i c a l  s o l u t i o n ,  i s  g i v e n  i n  s e c t i o n  
3  
o f  A p p e n d i x  A .  
T h e  r e l a t i o n  b e t w e e n  a  a n d  t h e  R e y n o l d s  n u m b e r  
R c r  
o b t a i n e d  f r o m  t h e  n e u t r a l  c h a r a c t e r i s t i c  e q u a t i o n  ( 8 ) ,  
f o r m s  a  c u r v e  h a v i n g  t w o  b r a n c h e s  e x t e n d i n g  t o  R  =  t o o ,  
m e e t i n g a t e r , a e r n i n i m a r n i z e r n o l d s n u m b e r , R e r m i n  
 
, b e l o w  
w h i c h  t h e  b o u n d a r y  l a y e r  i s  s t a b l e .  
	
T h e  i n t e r i o r  o f  t h e  
c u r v e  c o r r e s p o n d s  t o  v a l u e s  o f  a  a n d  R  f o r  w h i c h  d i s -
t u r b a n c e s  a r e  a m p l i f i e d .  A n  a p p r o x i m a t e  f o r m u l a  f o r  
R c r
m i n  i s  
2 5 r T ( C ) 1
1 + W  1 11 1  , 0  
R
e r m i y 1  
( 1 . . . . c  
/ a n d  . . .  
( 9 )  
T h e  f o r e g o i n g  c o n c l u s i o n s  a p p l y  o n l y  
f o r  
t h e  
s u b s o n i c  d i s t u r b a n c e s ;  i f ,  h o w e v e r ,  c
s  <  1  -  1 / M I ,  w e  
h a v e  a  s u p e r s o n i c  d i s t u r b a n c e  a n d  o n l y  n e u t r a l  a n d  
d a m p e d  d i s t u r b a n c e s  c a n  e x i s t ,  s o  t h a t  t h e  b o u n d a r y  
l a y e r  i s  s t a b l e .  	
T h i s  i s  d e a l t  w i t h  m o r e  f u l l y  i n  t h e  
A p p e n d i x .  	
N u m e r i c a l  c a l c u l a t i o n s  a r e  r e q u i r e d  t o  
d e t e r m i n e  t h e  v a l u e s  o f  M 1  a n d  
p  
f o r  w h i c h  t h i s  o c c u r s ,  
a n d  s u c h  c a l c u l a t i o n s  h a v e  b e e n  c a r r i e d  o u t  i n  t h e  
p r e s e n t  p a p e r  ( s e e  s e c t i o n  3 ) .  	
T h e  e f f e c t  o f  a  n o n -  
i n s u l a t e d  s u r f a c e  i s  a l s o  i m p o r t a n t  i n  t h i s  c o n n e c t i o n ,  
a n d  t h e  v a l u e s  o f  t h e  r a t i o  o f  t h e  t e m p e r a t u r e  a t  t h e  
w a l l  t o  t h e  m a i n  s t r e a m  t e m p e r a t u r e ,  T S / T T  ,  w h i c h  g i v e  
s t a b i l i t y  h a v e  b e e n !  c a l c u l a t e d  b y  L e e s  ( r e f e r e n c e  1 1 )  
f o r  z e r o  p r e s s u r e  g r a d i e n t .  
2 . 3  T h e  
v i s c o u s  s o l u t i o n   
I t  h a s  a l r e a d y  b e e n  m e n t i o n e d  t h a t  t h e  i n i t i a l  
a p p r o x i m a t i o n s  f o r  t h e  s o l u t i o n  o f  t h e  s t a b i l i t y  p r o b l e m  
f o r  a  v i s c i d  b o u n d a r y  l a y e r  w i t h  a  p r e s s u r e  g r a d i e n t  
d e p e n d s  o n l y  o n  t h e  l o c a l  v e l o c i t y  a n d  t e m p e r a t u r e  d i s -
t r i b u t i o n s  o f  t h e  b o u n d a r y  l a y e r  f l o w .  
	
T h e  g e n e r a l  
c o n c l u s i o n s  a n d  e x p r e s s i o n s  o b t a i n e d  b y  L e e s  ( r e f e r e n c e  1 1 )  
a r e  t h e r e f o r e  a p p l i c a b l e  t o  t h e  c a s e  b e i n g  c o n s i d e r e d  i n  
t h i s  p a p e r  o f  f l o w  w i t h  a  p r e s s u r e  g r a d i e n t .  
I n  p a r t i c u l a r ,  L e e s '  c o n s i d e r a t i o n s  o f  t h e  
e n e r g y  b a l a n c e  i n  t h e  b o u n d a r y  l a y e r ,  w h i c h  h a v e  b e e n  
s u m m a r i z e d  i n  s e c t i o n  1 ,  h o l d  g o o d ,  a n d  t h e  c h a r a c t e r i s t i c  
e q u a t i o n  f o r  t h e  n e u t r a l  d i s t u r b a n c e  o b t a i n e d  b y  h i m  c a n  
b e  u s e d  i n  o u r  c a s e .  	
F o r  p r o o f  o f  t h e  e x i s t e n c e  o f  
n e u t r a l  o r  a m p l i f i e d  d i s t u r b a n c e s  ' a d j a c e n t '  t o  t h e  i n -
v i s c i d  n e u t r a l  d i s t u r b a n c e s  ( t h e  H e i s e n b e r g  c r i t e r i o n )  
a n d  o t h e r  m a t h e m a t i c a l  d e t a i l s  t h e  r e a d e r  i s  r e f e r r e d  
t o  h i s  p a p e r .  
T h e  s e c u l a r  e q u a t i o n  f o r  t h e  n e u t r a l  s u b s o n i c  
d i s t u r b a n c e ,  a s  o b t a i n e d  b y  L e e s ,  i s  
E ( a ,  
c r 9  
 M 1
2  
 )  	 F ( z ) ,  c
r  
>  1  -  1 / M
i ,  
f e a ,  R  
v f )
1  






( 8 )  
w h e r e  v  i s  t h e  n o n - d i m e n s i o n a l  k i n e m a t i c  v i s c o s i t y .  
H e r e  F ( z )  i s  t h e  T i e t j e n s  f u n c t i o n  ( e q u a t i o n ( 4 0 ,  
A p p e n d i x  A ) ,  a n d  E  i s  a  f u n c t i o n  o f  t h e  i n v i s c i d  s o l u -
t i o n s  o n l y ,  e q u a t i o n ( 5 ) .  
	
E  
a n d  F  a r e  c o m p l e x ,  a n d  
e q u a t i o n  ( 8 )  i s  e q u i v a l e n t  t o t w o  r e a l  e q u a t i o n s .  
	 T h e  
f o r m  o f  t h e  e q u a t i o n  w h e n  e x p r e s s e d  a s  a  f u n c t i o n  o f  
t h e  b o u n d a r y  l a y e r  t e m p e r a t u r e  a n d  v e l o c i t y  d i s t r i b u t i o n s ,  
a n d  s u i t a b l e  f o r  n u m e r i c a l  s o l u t i o n ,  i s  g i v e n  i n  s e c t i o n  
3  
o f  A p p e n d i x  A .  
T h e  r e l a t i o n  b e t w e e n  a  a n d  t h e  R e y n o l d s  n u m b e r  
R c r  
o b t a i n e d  f r o m  t h e  n e u t r a l  c h a r a c t e r i s t i c  e q u a t i o n  ( 8 ) ,  
f o r m s  a  c u r v e  h a v i n g  t w o  b r a n c h e s  e x t e n d i n g  t o  R  =  t o o ,  
m e e t i n g a t e r , a e r n i n i m a r n i z e r n o l d s n u m b e r , R e r m i n  
 
, b e l o w  
w h i c h  t h e  b o u n d a r y  l a y e r  i s  s t a b l e .  
	
T h e  i n t e r i o r  o f  t h e  
c u r v e  c o r r e s p o n d s  t o  v a l u e s  o f  a  a n d  R  f o r  w h i c h  d i s -
t u r b a n c e s  a r e  a m p l i f i e d .  A n  a p p r o x i m a t e  f o r m u l a  f o r  
m i n  i s  
2 5 r T ( C ) 1
1 + W  1 11 1  , 0  
R
e r m i y 1  
( 1 . . . . c  
/ a n d  . . .  
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- 12 - 
and c is determined by 
(1 - 2A) v(c) = 0.58,  
 (9a) 
where 
v(c) wn C 	 T
2 
	 d 	 yr' 
T
o 	
(wi ) 3 dy Yri ji 	 9 
W=C 
W 	 ) C 
- 1, the suffix o refers to surface 
values. 
If (8) has no solution for any c > 1 - 1/M 1 , 
only damped or neutral supersonic disturbances can 
exist and the boundary layer is stable for all Reynolds 
numbers. 
3. 	 Numerical Methods and Results  
Solution of the characteristic equation (8) 
for the neutral disturbance enables us to assess the 
effect of Mach number and pressure gradient on the 
boundary layer stability. 
	
7or this we need to know 
the variation of velocity and temperature across the 
boundary layer quite accurately. 
	
The common approximate 
methods for calculating the boundary layer velocity, such 
as the Pehlhausen, do not usually give sufficient accuracy, 
as can be seen by comparing the results of Pretsch 
(references 15 and 16) for incompressible flow stability, 
who used the exact boundary layer profiles calculated by 
Hartree (reference 18), and those of Schlichting (re-
ference 17), who used the Pohihausen method. 	 This state 
of affairs arises from the fact that the solution of the 
stability problem depends principally on the variation of 
d2w 
--- across the boundary layer, and not merely on the 
dy2 
velocity w. 	 In this paper, therefore, the exact similar 
flow solutions calculated by Hartree for the incompressible 
boundary layer with a main stream velocity 
m 
r- c (x7)   (10) 
have been used to obtain the compressible boundary 
layer profiles. 	 ?or an insulated surface, with the 
Prandt1 number o taken as unity and the viscosity 
taken proportional to the absolute temperature (co =1), 
this can 13Q. done by means of the transformations 
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Application of these transformations to the 
Hartree solutions gives the compressible boundary layer 
mThese arc the same as the equations given by Illingworth 
(reference 19), and very similar to those given by 
Stewart son (reference 20). 
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v e l o c i t y  d i s t r i b u t i o n s  h a v i n g  a  m a i n  s t r e a m  v e l o c i t y  
g i v e n  b y  t h e  t r a n s f o r m a t i o n  o f  e q u a t i o n  ( 1 0 )  u s i n g  ( 1 1 ) ,  
a n d  t h i s  i s  
	
m  2  
1 1 1  	
( 1 0 m + 1 )  	 I c ( x  )  	 )  
u
l  =  c ( x  )  
	
-  1 0  
C a + 1  )
'  	  
a  
1 0  
( 1  2  )  
T h e  b o u n d a r y  l a y e r  t e m p e r a t u r e  d i s t r i b u t i o n  
f o r  a n  i n s u l a t e d  
s u r f a c e ,  a s  o b t a i n e d  b y  C r o c c o ,  i s  
	
T  	
=  1  I L -  	 2  
m i  	
w 2 ) .  
R e c e n t l y ,  L e e s  ( r e f e r e n c e  2 1 )  h a s  m a d e  s o m e  
c a l c u l a t i o n s  o f  t h e  s t a b i l i t y  l i m i t  f o r  f l o w  o v e r  a  
c i r c u l a r  a r c  a e r o f o i l ,  u s i n g  f o r m u l a  ( 9 )  f o r  t h e  m i n i m u m  
c r i t i c a l  R e y n o l d s  n u m b e r /
E .  	
H e  e m p l o y s  t h e  D o r o d n i t z n  
t r a r e , f o r m a t i o n  ( r e f e r e n c e  2 2 ) ,  a n d  u s e s  a  m o d i f i c a t i o n  
o f  t h e  P o h I h a u s e n  m e t h o d  t o  o b t a i n  t h e  v e l o c i t y  i n  t h e  
b o u n d a r y  l a y e r .  	
I n  p l a c e  o f  t h e  i n d e x  m  w h i c h  d e t e r m i n e s  
t h e  p r e s s u r e  g r a d i e n t  h e  e m p l o y s  a  m o d i f i e d  P o h l h a u s e n  
p a g = e .  	
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a n d  K  a n d  
K
u
m  a r e  d e f i n e d  b y  e q u a t i o n  ( 1 5 ) .  
1 9 -  
U s i n g  t h e s e  f o r m u l a e  i t  w a s  f o u n d  t h a t  t h e  f e w  
c a l c u l a t i o n s  L e e s  h a s  m a d e  f o r  
R c r . m i n .  
a g r e e  
a p p r o x i m a t e l y  
w i t h  t h e  r e s u l t s  o f  t h o s e  m a d e  i n  t h e  p r e s e n t  p a p e r .  
A  d e t a i l e d  s o l u t i o n  o f  t h e  n e u t r a l  c h a r a c t e r i s t i c  
e q u a t i o n  ( 8 )  u s i n g  t h e  t r a n s f o r m a t i o n  ( 1 1 ) ,  h a s  b e e n  m a d e  
f o r  a  m o d e r a t e ,  f a v o u r a b l e ,  p r e s s u r e  g r a d i e n t  w i t h  m  =  . 4 2 9  
( 5  =  . 6 ) ,  
a n d  M a c h  n u m b e r s  
u p  t o  
1 . 3 .  	
T h e  r e s u l t s  a r e  
g i v e n  i n  T a b l e  I  a n d  i l l u s t r a t e d  i n  F i g u r e s  1  a n d  2 .  
D e t a i l s  o f  t h e  m a t h e m a t i c a l  w o r k i n g  i n v o l v e d  i s  g i v e n  i n  
A p p e n d i x  B .  
I n  a d d i t i o n ,  a p p r o x i m a t e  n e u t r a l  s t a b i l i t y  
c u r v e s  f o r  t h e  s a m e  p r e s s u r e  g r a d i e n t  w e r e  d r a w n  ( F i g u r e  3 ) ,  
u s i n g  a p p r o x i m a t e  f o r m u l a e  f o r  t h e  u p p e r  a n d  l o w e r  b r a n c h e s  
o f  t h e  c u r v e s  ( s e e  
A p p e n d i x  B 6 )  a n d  f o r m u l a  ( 9 )  f o r  `
t e r .  m i n .  
T h i s  a p p r o x i m a t e  m e t h o d  w a s  a l s o  a p p l i e d  t o  f l o w  w i t h  a  
p o s i t i v e  p r e s s u r e  g r a d i e n t ,  m  =  
- . 0 4 7 7 ,  5  =  - . 1 ,  a n d  t h e  
r e s u l t s  a r e  c l o w n  i n  F i g u r e  
L .  
	
F o r  c o m p a r i s o n ,  t h e  n e u t r a l  
c u r v e s  o b t a i n e d  b y  P r e t s c h  ( r e f e r e n c e  1 5 )  f o r  M 1  =  0 ,  u s i n g  
a  d i f f e r e n t  m e t h o d  o f  s o l u t i o n  o f  t h e  c h a r a c t e r i s t i c  e q u a -  
t i o n  h a v e  b e e n  i n c l u d e d .  
	
I t  s h o u l d  b e  
m e n t i o n e d  
t h a t  t h e  
/ a p p r o x i m a t e  
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' O c i l  ( r e f e r e n c e  2 3 )  h a s  u s e d  t h e  s a m e  m e t h o d  t o  c a l c u l a t e  
t h e  s t a b i l i t y  o v e r  a  b i c o n v e x  a e r o f o i l ,  b u t  o n l y  f o r  t w o  
M a c h  n u m b e r s ,  M
1  
 =  1 . 5 ,  a n d  M 1  =  L . . 0 .  
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approximate method cannot give the shape of the upper 
part of the curve at the smaller Reynolds numbers, and 
these portions have been sketched in using the accurate 
calculations as a guide. 
The minimum critical Reynolds number given by 
equation (9) was calculated from the Hartree incompres-
sible boundary layer solutions using the transformation 
(11) for a full range of values of m, and Mach numbers 
up to 3. 	 The resulting curves are shown in Figure 5, 
whilst the corresponding solutions of (9a) for c are 
plotted in Figure 3. 	 The discrepancy between these 
values of R and those obtained from the accurate 
calculations (Figure 2) is due to the extreme sensitivity 
of Rcr.min. to the values of c when c approaches 1 - 1/M1. 
The small errors in the values of c obtained from 
equation (9a), resulting from the assumption that ) ,Nis 
small, can then cause large errors in R cr . min .• 
It was found that the most suitable non-
dimensional length to employ was the boundary layer 
momentum thickness N9: 	 Since numerous stability cal- 
culations use the displacement thickness 6 m , we include 
here the formula relating Wand O m , 
o = 	
M12 Y-1 	 + K )+ K 2 	 -3E Y-1 	 2 (1 + H) + H, 	  2 	 '1 	 (1/0 
3E 
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and their values are plotted against l in Figure 9, 
p = 2m/(m+1). 
These neutral stability calculations confirm 
the general conclusions drawn in section 2.2. 	 Thus 
for the inviscid case, R = op, with 5 = 0 and (3 = -0.1, 
the boundary layer is unstable, and the range of a which 
gives instability increases as the Mach number increases; 
but when R > 0, it is stable until the Mach number ex-
ceeds a certain value, which increases as 5 increases. 
Thus, for $ = 0, this Mach number is 0 (see Lees' results, 
reference 11), whilst for 3 = 0.6, it is about 2.8. 
For finite values of R the results show that 
the stability decreases as R is reduced and M1 is increased, 
except for a restricted range of Mach numbers varying 
between the limits 1.3 and 2.4 and a favourable pressure 
gradient (5 greater than about 0.6). 
	 In this region 
the values of 
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-  1 5  -  
a r e  n e v e r  l a r g e  e n o u g h  t o  e n a b l e  t h e  d i s t u r b a n c e  t o  g a i n  
e n e r g y ,  t h e r e  a r e  n o  s u b s o n i c  a m p l i f i e d  d i s t u r b a n c e s  a n d  
t h e  b o u n d a r y  l a y e r  i s  s t a b l e  f o r  a l l  R e y n o l d s  n u m b e r s .  
T h e  c r i t i c a l  v a l u e s  o f  
3  
a b o v e  w h i c h  t h i s  h a p p e n s  a r e  
p l o t t e d  a g a i n s t  M a c h  n u m b e r  i n  F i g u r e  
6 .  	 A  s i m i l a r  
s t a t e  o f  a f f a i r s  c a n  o c c u r  w h e n  h e a t  i s  w i t h d r a w n  f r o m  
t h e  b o u n d a r y  l a y e r .  
	
T h i s  c a s e  h a s  b e e n  c a l c u l a t e d  i n  
L e e s '  p a p e r  f o r  z e r o  p r e s s u r e  g r a d i e n t ,  a n d  i t  i s  
i n t e r e s t i n g  t o  n o t e  t h a t  t h e  s h a p e s  o f  t h e  g r a p h s  o f  
c r i t i c a l  t e m p e r a t u r e  r a t i o  T
o  c r  
v e r s u s  M 1  ( a s  p l o t t e d  
b y  L e e s )  a n d  t h e  c r i t i c a l  v a l u e s  o f  
p  v e r s u s  M 1  a r e  v e r y  
s i m i l a r  ( F i g u r e s  6  a n c l  7 ) .  
T h i s  e f f e c t  i s  i m p o r t a n t  b e c a u s e  i t  l e a d s  t o  
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Application of these results to obtain a lower 
limit for the transition Reynolds number is possible, 
provided the free stream turbulence is low. 	 Thus, 
transition cannot occur below a Reynolds number equal to 
Rcr. 
	
as calculated from the theory; however, it 
will normally occur at a considerably higher Reynolds 
number. 	 This is because transition is a large scale 
perturbation phenomenon, whilst the stability theory 
applies strictly to vanishingly small disturbances. 	 The 
appearance of small amplified disturbances does not en- 
sure transition. 
	 In spite of this it may be possible to 
calculate transition by postulating that it will occur if 
the degree of amplification of a small disturbance of the 
theory reaches a certain level. 
	
However, a full explanation 
of the transition to turbulence cannot be given without 
investigating the stability of finite disturbances of the 
boundary layer. 
	
At present the mathematical difficulties 
of this problem seem to be insurmountable. 
Finally, it should be stated that there has been 
no attempt to verify the compressible small perturbation 
theory by experiment. 	 Thus, although the incompressible 
theory cannot now be held in doubt, there is need for a 
check on the validity and accuracy of the compressible 
theory, especially in predictions that are not physically 
obvious, such as the non-occurrence of amplified super-
sonic disturbances. 
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and the equation of state, 
px/px = R T . 	 (5) 
We now suppose that a perturbation is intro-
duced into the boundary layer in the form of a small 
two-dimensional disturbance. 	 We consider the distur- 
bance to be resolved into its normal modes, one of 
which we take to be of the form 
q(x, y) exp ia(x 	 ct),   (6) 
corresponding to a dependent variable Q, in accordance 
with the scheme given in the list of symbols. 	 In 
particular, it should be noticed that the non-dimensional 
perturbation velocity in the y--direction is taken as 
a0 (x, Y) eia(x-ct) 
 
We shall take our dimensional length measure to 
be the boundary layer thickness a, so that 
x = x3E/o, Y = ? 	 t = t u 1 /' /59 	 R = u3E o/VT, 1 
and if we write 
x' = x/R, 	 v' = Rv, 
in place of x and v, then, according to boundary layer 
theory, all the non-dimensional mean quantities and 
their derivatives will be of order unity. 
The equations to be satisfied by the 
disturbances (6) are found by substituting the 
quantities 
im(x-ct) Q0c, 	 + cl(x, Y) e 
into equations(1) to (5), neglecting terms of order 
higher than the first in the disturbances, and applying 
the boundary layer equations and approximations for 
steady flow to the mean quantities Q. 
Following this procedure, we find for the 
first equation of motion expressed in non-dimensional 
form 
af 	 tof api i(w-c)f + aw d i + 	 v'11) 	 (f ax' ay 	 R (wax, + 	 ay )+ , Pf 	 + k ,	 + v 57 )1 
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+-The prime will be used only in this section to denote the new 
variables as defined by these equations. Elsewhere it will always 
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I n  g e n e r a l  w e  r e q u i r e  t h a t  t h e  
o r d e r  o f  m a g n i t u d e  
N  o f  e a c h  d i s t u r b a n c e  q  a n d  i t s  d e r i v a t i v e s  b e  m u c h  l e s s  
t h a n  t h e  o r d e r  o f  m a g n i t u d e  o f  
t h e  c o r r e s p o n d i n g  m e a n  
q u a n t i t y  Q  a n d  i t s  d e r i v a t i v e s ,  w h i c h  a r e  t h e m s e l v e s  o f  
o r d e r  u n i t y  i n  t e r m s  o f  t h e  n o n • d i m e n s i o n a l  q u a n t i t i e s  x ' ,  
y ,  
e t c .  
	
T h u s  
0 ( q )  =  N  e <  0 ( Q )  =  
1 .  
T h e r e f o r e ,  t h e  m a x i m u m  o r d e r  o f  m a g n i t u d e  o f  t h e  
l a s t  t w o  b r a c k e t s  o n  t h e  r i g h t  h a n d  s i d e  o f  e q u a t i o n  ( 7 )  
- 2  	
- 3  
a r e  a R  	 a n d  R  9  
w h i l s t  t h e  r e m a i n i n g  t e r m s  a r e  o f  




,  a ,  
a n d  R
-  
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T h u s ,  w i t h o u t  g o i n g  
i n t o  d e t a i l e d  c o n s i d e r a t i o n s  o f  t h e  m a g n i t u d e s  o f  e a c h  o f  
t h e  t e r m s  f o r m i n g  t h e  e q u a t i o n ,  i t  c a n  b e  s e e n  t h a t  f o r  
l a r g e  R e y n o l d s  n u m b e r s  t h e s e  l a s t  t w o  b r a c k e t s  c a n  b e  
n e g l e c t e d  p r o v i d e d  
R  
1  
 < , <  
a  
4 <  
R ,  
o r  
1 / d < <  a
x  	
d / c 5
2
,  w h e r e  d  i s  a  t y p i c a l  g e o m e t r i c a l  
l e n g t h .  
L e s s  r i g o r o u s l y  w e  m a y  s a y  t h a t  
a x  
=  0 ( 1 / 5
) ,  
 
s o  t h a t  t h e  w a v e  l e n g t h  o f  t h e  d i s t u r b a n c e  m u s t  b e  o f  t h e  
o r d e r  o f  m a g n i t u d e  o f  t h e  b o u n d a r y  l a y e r  t h i c k n e s s .  
	
I t  
i s  j u s t  t h i s  c o n d i t i o n  t h a t  P r e t s c h  i n t r o d u c e d  w h e n  c o n -
s i d e r i n g  t h e  s t a b i l i t y  p r o b l e m  f o r  t h e  i n c o m p r e s s i b l e  c a s e  
w i t h  a  p r e s s u r e  g r a d i e n t  ( r e f e r e n c e  1 5 ) .  
	 M a k i n g  t h e  s a m e  
a s s u m p t i o n ,  w e  f i n d  f o r  ( 7 )  
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g i v e s  
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a n d  t h i s  i s  t h e  s a m e  a s  t h e  i n v i s c i d  e q u a t i o n  f o r  c o m -
p r e s s i b l e  f l o w  
w i t h o u t  a  p r e s s u r e  g r a d i e n t  g i v e n  o n  
p a g e  2 4  o f  r e f e r e n c e  1 0 .  
T h e  p r o c e d u r e  f o r  d e a l i n g  w i t h  t h e  r e m a i n i n g  
e q u a t i o n s  ( 2 )  o  ( 5 )  i s  p r e c i s e l y  s i m i l a r .  	
F o r  t h e  
/ s e c o n d  . . .  
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thus the inviscid stability problem is independent of 
the external pressure gradient, except in as far as it 
affects the local boundary layer distributions of 
	
velocity and temperature. 
	 In particular, the differen- 
tial equation for 0 (equation (112) of reference (10)) 
in inviscid flow 
(- (w-c) 1Z - 11 X t dy dy 
 • 	 a2 ia=a1 0 d 
dy 	 T 	 b1 12 (w-c) 2 	 T 	 s 
is the same with and without a pressure gradient. 
The next step in the analysis is to introduce 
a new system of dependent variables defined as 
af z I = f 	 y 	 Z 2 . dy 1 	 Z 3 . 0 , 
tr. 
 Z 	 30 - —75- y 	 = 0 9 	 Z 	 ''' . 
— tif c" 	
Z5 	 6 = 3y 
- 1 
With the aid of these transformations it will be possible 
to reduce the perturbation differential equations to a 
system of six linear homogeneous first order differential 
	
equations in the variables Z 1 p.9.yZ6. 	 Thus we obtain immediately 
(15) 
az i Z 
 ay 	 2 
(16) 
(17) 
whilst equation (11) becomes 
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= — \ ivi l
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, 	 1 
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Using equations (8) and (17), we can find the value of 
az2/ay; equation (8) gives 
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Taking 4 m to 1)7 a single valued function of the temperature, 
T , so that m = 6 d  - , - we can write the last equation as 
TT + 3 	 ay 	 (114-PSI (w-c)Z i + a-71: -L 3‘ 	 y i aZ 2 	 1 . 2 	  = 	 aw 	 + 0(1) 
(18) 
where 0(1) stands for a linear function of the perturbation 
quantities Z 1 ...Z 6' az1 • /ax t and aZ h /ax', which is of order 
unity in R and is regular in M 24i , and is thus of maximum 
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a z 6 / a y  
a r e  
o f  t h e  s m e  f o r m  a s  f o u n d  b y  L e e s  a n d  L i .  F o r  c o m -
p l e t e n e s s  t h e y  a r e  i n c l u d e d  h e r e .  
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w h i c h  i s  o f  a  m a x i m u m  o r d e r  o f  m a g n i t u d e  a 2  o r  1 .  
2 .  S o l u t i o n  o f  t h e  p e r t u r b a t i o n  e q u a t i o n s   
T h e r e  a r e  t h r e e  p r i n c i p l  m e t h o d s  c f  s o l v i n g
t n e  p e r t u r b a t i o n  d i f f e r e n t i a l  e q u a t i o n s ;  i n  e a c h  c a s e ,  
a s  i s  s h o w n  b y  L e e s  a n d  L i n ,  t h e  t e r m s  d e n o t e d  b y  0 ( 1 )  
i n  t h e  e q u a t i o n s  a r e  n e g l i g i b l e  t o  
t h e  
f i r s t  o r d e r  o f  
a p p r o x i m a t i o n .  
	
T h e  f i r s t  o r d e r  s o l u t i o n s  
a r e  i n  f a c t  
t h e  o n l y  o n e s  t h a t  a r e  c o n s i d e r e d .  
	
T h r o u g h  t h e  d r o p p i n g  
o f  t h e s e  t e r m s  t h e  d e p e n d e n c e  o f  t h e  d i f f e r e n t i a l  e q u a -
t i o n s  o n  x  a n d  v  i s  l o s t ,  a n d  
t h e  e q u a t i o n s  m a y  b e  
s o l v e d  f o r  a n y  g i v e n  d i s t r i b u t i o n  o f  v e l o c i t y  a n d  
t e m p e r a t u r e  a l o n g  t h e  y - a x i s  i n  e x a c t l y  t h e  s a m e  f a s h i o n  
a s  g i v e n  b y  L e e s  
a n d  L i n  f o r  p a r a l l e l  f l o w s .  	
W e  s h a l l  
s u m m a r i z e  t h e  m e t h o d s  d e v e l o p e d  b y  L e e s  a n d  L i n  h e r e .  
/ I n  t h e  . . .  
N o t e  t h a t  t h i s  t y p e  o f  r e l a t i o n  d o e s  n o t  h o l d  f o r  
d e r i v a t i v e s  n o r m a l  t o  
t h e  s u r f a c e ,  d u e  t o  t h e  r a p i d  
v a r i a t i o n  o f  t h e  i m p o r t a n c e  o f  v i s c o s i t y  i n  t h e  y -
d i r e c t i o n  a t  t h e  c r i t i c a l  l a y e r .  
+
A  n u m b e r  o f  
m i n o r  e r r o r s  w i l l  b e  f o u n d  i n  a t  l e a s t  
s o m e  c o p i e s  o f  t h i s  r e p o r t .  
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In the first method solutions are found as 
power series in the small parameter 
= (a R) -1/3 
and in terms of the new dependent variable 
=(y - Yc )/s 	 where w(y e ) = c. 
The initial approximation solutions for Z I and. Z are 
as follows - 
(1) 1 2 	 3/2 




	 H13 	 (") 
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X 14 = X 15 . X 16 . 0, 
X 	 - - larccti/3 
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x34 . X35 = X36 = 0, 
where 	 fiwc' \1/3 
= 7- / 
c 
and where the suffix c denotes values at the critical 
layer where w = c, and X li and X.51. are the initia l 
	
( 1 ) 	 (2) 
approximations to Z l and z3 respectively, and H 1/3 , H1 / 3 
are Hankel functions of the first and second kind of 
order 1/3. 
Another set of solutions is obtained by 
expanding the solutions in power series in (aH) - . 
This gives a pair of asymptotic series, and the initial 
approximation depends on the inviscid equation (15) 
only. 	 Since this does not depend directly on the 
pressure gradient, the same result's expressed as 
functions of w and T, are obtained for the solutions 
with or without a pressure gradient. 
/The third ... 
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In the first method solutions are found as 
power series in the small parameter 
(a R) -1/3 
and in terms of the new dependent variable 
- Yc )/s 	 where w(y e ) = c. 
The initial approximation solutions for Z l and. Z are 
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and where the suffix c denotes values at the critical 
layer where w = c, and X li and X.51. are the initial 
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approximations to Z l and z3 respectively, and H 1/3 , H1 / 3 
are Hankel functions of the first and second kind of 
order 1/3. 
Another set of solutions is obtained by 
expanding the solutions in power series in (aH) - . 
This g ves a pair of symptotic series, and the initial 
approximation depends on the inviscid equation (15) 
only. 	 Since this does not depend directly on the 
pressure gradient, the same result's expressed as 
functions of w and T, are obtained for the solutions 
with or without a pressure gradient. 
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T h e  t h i r d  s e t  o f  s o l u t i o n s  i s  
o b t a i n e d  b y  
p u t t i n g  
r l  
Z .  =  f
i  
 e x p  	 ( d R ) f j  g  d y  	
i  =  1 , . . . , 6  
a n d  e x p a n d i n g  f i  a s  a  p o w e r  s e r i e s  i n  ( a R )
- 7 .  	
T h e  
i n i t i a l  a p p r o x i m a t i o n  i n  t e r m s  o f  w  a n d  T  i s  a g a i n  
i n d e p e n d e n t  o f  t h e  p r e s s u r e  
g r a d i e n t .  
	
T h e  m e t h o d  
g i v e s  f o u r  i n d e p e n d e n t  s o l u t i o n s ,  b u t  t h e  
e x p a n s i o n s  
a r e  v a l i d  o n l y  i n  t h e  r e g i o n s  g i v e n  b y  
7 L
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3 .  
T h e  c h a r a c t e r i s t i c  e q u a t i o n   
I n  t h e  p r e c e d i n g  s e c t i o n s  i t  h a s  b e e n  s h o w n  
t h a t  
a l l  t h e  i n i t i a l  a p p r o x i m a t i o n s  
f o r  t h e  s o l u t i o n  o f  
t h e  d i s t u r b a n c e  e q u a t i o n s ,  a n d  a l s o  t h e  e x a c t  
d i f f e r e n t i a l  
e q u a t i o n  f o r  t h e  i n v i s c i d  c a s e ,  d e p e n d  o n l y  o n  t h e  l o c a l  
v e l o c i t y  a n d  t e m p e r a t u r e  d i s t r i b u t i o n s  i n  t h e  b o u n d a r y  
l a y e r ,  a n d  d o  n o t  d e p e n d  d i r e c t l y  o n  t h e  p r e s s u r e  g r a d i e n t .  
W e  c a n  t h u s  s a y  i m m e d i a t e l y  t h a t  
t h e  b u l k  
o f  
t h e  s t a b i l i t y  
t h e o r y  p r o v e d  f o r  c o m p r e s s i b l e  f l o w  w i t h o u t  a  p r e s s u r e  
g r a d i e n t  b y  L e e s  a n d  L i n  w i l l  h o l d  f o r  t h e  c a s e  i n  w h i c h  
w e  a r e  
i n t e r e s t e d  a t  p r e s e n t .  	
I n  f a c t ,  t h e  o n l y  p r o o f s  
g i v e n  b y  
t h e m  w h i c h  
c a n n o t  b e  t a k e n  o v e r  e x a c t l y  a r e  t h o s e  
i n  w h i c h  r e c o u r s e  i s  m a d e  t o  t h e  b o u n d a r y  l a y e r  e q u a t i o n s  
o f  t h e  m e a n  m o t i o n .  
I n  p a r t i c u l a r ,  t h e  b o u n d a r y  v a l u e  p r o b l e m  a n d  
i t s  s o l u t i o n  c a n  b e  q u o t e d  d i r e c t l y  f r o m  t h e i r  w o r k .  
T h u s  i n  r e f e r e n c e  1 0  i t  w a s  s h o w n  t h a t  t h e  b o u n d a r y  
v a l u e  p r o b l e m  l e a d s  t o  a  c h a r a c t e r i s t i c  e q u a t i o n  i n  
c ,  a ,  M i ,  a n d  R .  	
E x p r e s s e d  i n  t e r m s  o f  t h e  p e r t u r b a t i o n  
v e l o c i t y  
0  
i t  i s  
E ( c , ,  c ,  M
2
)  	
F ( z ) ,  
w h e r e  F ( z )  i s  t h e  T i e t j e n s  f u n c t i o n  a n d  
h a s  b e e n  
c a l c u l a t e d  ( r e f e r e n c e  1 1 ) ,  a n d  
, \ ;  v  
/ F ( z )  
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I n  t h e  p r e c e d i n g  s e c t i o n s  i t  h a s  b e e n  s h o w n  
t h a t  
a l l  t h e  i n i t i a l  a p p r o x i m a t i o n s  
f o r  t h e  s o l u t i o n  o f  
t h e  d i s t u r b a n c e  e q u a t i o n s ,  a n d  a l s o  t h e  e x a c t  
d i f f e r e n t i a l  
e q u a t i o n  f o r  t h e  i n v i s c i d  c a s e ,  d e p e n d  o n l y  o n  t h e  l o c a l  
v e l o c i t y  a n d  t e m p e r a t u r e  d i s t r i b u t i o n s  i n  t h e  b o u n d a r y  
l a y e r ,  a n d  d o  n o t  d e p e n d  d i r e c t l y  o n  t h e  p r e s s u r e  g r a d i e n t .  
W e  c a n  t h u s  s a y  i m m e d i a t e l y  t h a t  
t h e  b u l k  
o f  
t h e  s t a b i l i t y  
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v a l u e  p r o b l e m  l e a d s  t o  a  c h a r a c t e r i s t i c  e q u a t i o n  i n  
c ,  a ,  M i ,  a n d  R .  	
E x p r e s s e d  i n  t e r m s  o f  t h e  p e r t u r b a t i o n  
v e l o c i t y  
0  
i t  i s  
E ( c , ,  c ,  M
2
)  	
F ( z ) ,  
w h e r e  F ( z )  i s  t h e  T i e t j e n s  f u n c t i o n  a n d  
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, \ ;  v  
/ F ( z )  
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l  
	 	
 e x p a n d i n g  f  a s  a  p o w e r  s e r i e s  i n  ( a R )
7 	
n i t i a l  a p p r o x i m a t i o n  i n  e r m s o f  w  a n d  T  i s  a g a i n  
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v e s  f o u r  i n d e p e n d e n t  s o l u t i o n ,  b t  t h e  
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c h a r a c t e r i s t i c  e q u a t i o n   
n  t h e  p r e c e d i n g  s e c t i o n s  i t  h a s  b e e n  s h o w n  
h a t  
h e  i n t i a l  
o r  t h e  s o l u t i n  o f  
h e  d i s t u r b a n c e  e q u a t i o n s ,  a n d  a l s o  t h e  e x a c t  
t i o n  f o r  t h e  i n v i s c i d  c a s e ,  d e p e n d  o n l y  o n  t h e  l o c a l  
l o c i t y  a n d  t e m p e r a t u r e  d i s t r i b u t i o n  i n  t h e  b o u n d a r y  
a y e r ,  a n d  d o  n o t  d e p e n d  d i r c t l y  o n  t h e  p r e s s u r e  g r a d i e n t .  
e   t h u s  a y  i m m e d i a t e l y  t h a t  
 
h e o r y  p r o v e d  f o r  c o m p r e s s i b l e  f l o w  w i t h o u t  a  p r e s s u r e  
a d i e n t  b y  L e e s  a n d  L i n  w i l l  h o l d  f o r  t h e  c a s e  i n  w h i c h  
n t e r s t e d  a t  p r e s e n t .  	
n  f a c t ,  t h e  o n l y  p r o f s  
v e n  b y  
n o t  b e  t a k e n  o v e r  e x a c t l y  a r e  t h o s e  
n  w h i c h  r e c o u r s e  i s  m a d e  t o  t h e  b o u n d a r y  l a y e r  e q u a t i o n s  
 t h e  m e a n  m o t i o n .  
n  p a r t i c u l a r ,  t h e  b o u n d a r y  v a l u e  p r o b l e m  a n d  
t s  o l u t i o n  c a n  b e  q u o t e d d i r e c l y  f r o m  t h i r  w o r k .  
 i n  r e f e r e n c e  1 0  i t  w a s s h o w n  t h a t  t h e  b o u n d a r y  
l u e  p r o b l e m  l a d s  t o  a  c h a r a c t e r i s t i c  e q u a t i o n  i n  
,  a ,  M i ,  a n d R .  	
e s e d  i n  t e r m s  o f  t h e  p e r t u r b a t i o n  
l o c i t y  
 i t  i s
	
e  F ( z )  i s  t h e  T i e t j n s  f u n c t i o  a n d  
l c u l a t e d  ( r e f e r e n c e  1 1 ) ,  a n d  
F ( z )  
9 0 is the value of 9 at y = 0, 
V4- Z 
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and E is a function depending on the inviscid solution 
only, namely 
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(25) 
- m 12 (1 -c ) 
where 0r1 and 0r2 are the values of the two solutions 
of the inviscid equation (15) at the wall and at infinity 
respectively (see equation (5) on page 8). 
Equation (25) holds provided 
• 1 - iv1 12 (1-c 
r
) 2 	 0 9  
corresponding to the neutral supersonic and sonic 
disturbances. 
	
The significance of this restriction 
will be dealt with in section 4. 
The complex characteristic equation leads to 
two equations relating c i , c r , a, M i and R. 	 It is 
usualtoconsiderchosenvaluesofc.(representing the 
amount of damping or amplification of the disturbance) 
and M i , and to plot the relationship between a and R 
given by these equations. 
	
In particular, if ci is 
chosen to be zero the neutral stability curves are 
obtained. 	 In this case the calculation of the solu- 
tions of the characteristic equation is not too 
laborious and Lees (reference 11) gives the following 
modified form of (25) for computational purposes, when 
solved for a as a function of R and M 1 . 
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the solution of which becomes 
0 
+ 
" as y 	 .   (31) 
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For inviscid flow the secular equation 
reduces to 
011 	 °12 	 7 0 12 	 = 
°21 	 ° 22 7 022 
and since X21 = 0, this is 
7 022 - °. 
L. The supersonic disturbance 
The boundary conditions for the disturbance 
velocity are that 0 = C at y = 0, and 0 is bounded as 
-* 00. 	 For the latter case we need only consider the 
inviscid equation 
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Here 7 = a,1Q. = a..sl (1-M 1 2 (1-c) 2 ), a > 0, and we define 
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T h e s e  r e s u l t s  s h o w  t h a t  i f  
( i )  c .  	
0  ( i . e .  t h e  d i s t u r b a n c e  i s  a m p l i f i e d ) ,  
1 c 2  7  0 ,  R
i  
 >  0 ,  a n d  w e  h a v e  d i s t u r b a n c e s  i n  
t h e  f o r m  o f  y  a t t e n u a t e d  w a v e s  t r a v e l l i n g  
o u t w a r d s .  
( i A )  c
i
f  0  ( d a m p e d  d i s t u r b a n c e ) ,  n . . 4 0 ,  
T .  . c . 0 ,  w e  
h a v e  a  d a m p e d  d i s t u r b a n c e  t r a v e l l i n g  i n w a r d s .  
( i i i )  c i  =  0 ,  a n d  . S ? r >  0  
t h e n  
T  
=  
0 ,  a n d  
t h e  y - d i r e c t i o n ,  
s u r f a c e .  
( a  s u b s o n i c  n e u t r a l  d i s t u r b a n c e ) ,  
t h e  d i s t u r b a n c e  i s  a t t e n u a t e d  i n  
a n d  t r a v e l s  p a r a l l e l  t o  t h e  
( i v )  
c .  =  0 ,  a n d  f ?
r
4 0  ( a  s u p e r s o n i c  n e u t r a l  d i  s t u r b a n c e )  ,  
. / 1  
=  0 ,  a n d  b o t h  s o l u t i o n  e
± B y  
s a t i s f y  t h e  b o u n d a r y  
c o n d i t i o n s  a t  y  =  t A o ,  
s o  t h a t  b o t h  i n w a r d  a n d  
o u t w a r d  t r a v e l l i n g  w a v e s ,  o f  c o n s t a n t  a m p l i t u d e  
i n  t h e  y - d i r e c t i o n ,  c a n  e x i s t .  
I n  t h e  l a s t  c a s e  ( i v )  t h e  b o u n d a r y  c o n d i t i o n  a t  
y  =  D O  i s  a u t o m a t i c a l l y  s a t i s f i e d  b y  b o t h  s o l u t i o n s  o f  
( 3 0 ) ,  
a n d  t h e r e f o r e  t h e  s i x  b o u n d a r y  c o n d i t i o n s  t o  b e  s a t i s f i e d  
b y  t h e  s o l u t i o n s  o f  t h e  s i x  d i f f e r e n t i a l  e q u a t i o n s  ( 1 6 )  
t o  
( 2 0 )  a r e  r e d u c e d  t o  f i v e .  	
T h e r e  i s ,  t h e r e f o r e ,  n o  
c h a r a c t e r i s t i c  e q u a t i o n  ( 2 5 )  t o  b e  s a t i s f i e d  b y  
a ,  c ,  M l ,  
a n d  R .  	
I t  i s  t h e n  a p p a r e n t  t h a t  n e u t r a l  d i s t u r b a n c e s  O f  
a n y  w a v e  l e n g t h  a n d  f r e q u e n c y  w i t h  
c r  <  1  -  1 / M 1 ,  	 C  =  0 9  
c a n  e x i s t  f o r  a l l  R e y n o l d s  n u m b e r s .  
I n  t h e  c a l c u l a t i o n  m a d e  b y  L e e s  ( r e f e r e n c e  1 1 )  
i t  h a s  b e e n  a s s u m e d  t h a t  n e u t r a l  a n d  a m p l i f i e d  s u p e r s o n i c  
d i s t u r b a n c e s  h a v e  n o  s i g n i f i c a n c e  i n  t h e  s t a b i l i t y  p r o b l e m .  
T h i s  c a n  b e  c o n f i r m e d  b y  i n v e s t i g a t i n g  t h e  s e c u l a r  e q u a t i o n  
f o r  t h e  s u p e r s o n i c  d i s t u r b a n c e s .  
T h u s ,  f o r  t h e  i n v i s c i d  c a s e ,  t h e  s e c u l a r  e q u a t i o n  
i s  
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Taylor exi:ansion about the point y = y e gives 
2 T 	 T 	
' 2 	 c 	 d (wN 
c 	 ) + K 1  (c ,M 1  ) = 	 dy 	 A w c c' ) 3 0 
 
Thus neglecting the higher powers of c, (33) can be 
written 
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To study an amplified disturbance we suppose 
that the phase velocity c has a small imaginary component 
so that c = c
r 
+ i c 1, say. 	 In this case if c i is small 
enough it is clear that (35) is approximately 
j 	 2 T o 	 T er 	 a  - 	 1 	 (1 -c ) 2 
w 'c or 	 (w T ) 3 1 YAT 	 r) 	 + 	
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For supersonic disturbances and 13'li small 
Thus considering the supersonic case and taking the real 
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)  - 1  	 0 ,  +  f o r  c .  	 >  0  
& . ( c  )  w  ' c  
r  	 o  r  	
-  f o r  c .  	 <  0 .  
S i n c e  a  >  0 ,  
- & L ( c r )  	 0 ,  a n d  e x c l u d i n g  t h e  s o n i c  c a s e  
c r . 1 - 1 / 4 1 , t h i s h a s n o s o l u t i o n f o r c . > 0  .  
	
T h u s ,  
a t  l e a s t  f o r  s m a l l  v a l u e s  o f  a  a n d  c ,  a m p l i f i e d  s u p e r -
s o n i c  d i s t u r b a n c e s  c a n n o t  e x i s t ,  f o r  t h e y  c a n n o t  b e  
m a d e  t o  s a t i s f y  t h e  b o u n d a r y  c o n d i t i o n s  a s  
y - - - ) . 0 c .  
I t  i s  t o  b e  e x p e c t e d  t h a t  t h e  s a m e  r e s u l t  w i l l  
h o l d  f o r  t h e  v i s c i d  c a s e ,  s i n c e  t h e  b r e a k d o w n  i n  t h e  
b o u n d a r y  c o n d i t i o n s  o c c u r s  i n  t h e  m a i n  s t r e a m ,  w h e r e  
v i s c o s i t y  c a n  b e  n e g l e c t e d .  
T h e  m a t h e m a t i c a l  a n a l y s i s  o f  t h e  s u p e r s o n i c  
d i s t u r b a n c e  t h u s  p r e d i c t s  t h a t  n e u t r a l  d i s t u r b a n c e s  w i t h  
c o n t i n u o u s  c h a r a c t e r i s t i c  v a l u e s  a n d  d a m p e d  d i s t u r b a n c e s  
w i t h  d i s c r e t e  c h a r a c t e r i s t i c  v a l u e s  s h o u l d  e x i s t ,  b u t  
a m p l i f i e d ,  s e l f - e x c i t e d ,  d i s t u r b a n c e s  c a n n o t  e x i s t .  
T h e  p h y s i c a l  
s i g n i f i c a n c e  o f  t h e s e  r e s u l t s  i s  n o t  c l e a r .  
T h e  a b r u p t  c h a n g e  f r o m  c o n t i n u o u s  t o  d i s c r e t e  c h a r a c t e r i s t i c  
v a l u e s  d o e s  n o t  s e e m  t o  b e  p h y s i c a l l y  r e a s o n a b l e ,  a n d  s i n c e  
o n l y  s m a l l  n o n - a m p l i f i e d  s u p e r s o n i c  d i s t u r b a n c e s  a r e  
m a t h e m a t i c a l y  p o s s i b l e  t h e i r  e x i s t e n c e  c o u l d  n o t  b e  
e s t a b l i s h e d  e x p e r i m e n t a l l y .  
	
W e  n o t e  t h a t  t h e  f o r m e r  
d i f f i c u l t y  c a n  b e  r e m o v e d  b y  a l t e r i n g  t h e  b o u n d a r y  c o n -
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APPENDIXB 
Calculations of the Neutral Stability 
Characteristics 
1. The transformation of compressible boundary layer flow 
into a corresponding incompressible flow 
 
When the Ptandt1 number (1 and the index w in 
w m m the viscosity temperature relationship 4 cc 	 are 
taken to be unity m , and when the surface Is insulated, 
the compressible boundary layer equations can be trans- 
formed into the incompressible equations in the new 
m ' 
variables u, y 1  x, 	 by 
AV . = W 1 
x 	 A 
uil u 1 
710 ' TT = mi 
,* 	 3Y-1 
—7=T 
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Y-F1y 
(a l \Y-1 	 in lY = 
a/ 	 T \ 10/ 	 u 0 
Note that in these equations 
. 	 127/113! W 	 13, / 11, 
1 	 1 
suffix 1 refers to values at the edge of the 
boundary layer, 
suffix 10 refers to stagnation in the main 
stream. 
With an insulated surface the boundary layer 
temperature distribution is dependent only on the local 
main stream Mach number and the velocity ratio w = w i , 
and is given by the Crocco formula 
	
,m 	 Y-1 _2 	 2, 
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P r o o f  o f  t h e  t r a n s f o r m a t i o n  f o r m u l a e  ( 3 7 )  -  ( 3 9 )  
h a v e  b e e n  g i v e n  b y  S t e w a r t s o n  ( r e f e r e n c e  2 0 )  a n d  I l l i n g -
w o r t h  ( r e f e r e n c e  1 9 ) .  
F o r  f i n d i n g  t h e  s t e a d y  c o m p r e s s i b l e  b o u n d a r y  
l a y e r  v e l o c i t y  d i s t r i b u t i o n  w e  s h a l l  u s e  t h e  e x a c t  
s o l u t i o n s  o f  t h e  i n c o i r . p r e s s i b l e  e q u a t i o n s  f o r  t h e  m a i n  
s t r e a m  v e l o c i t y  d i s t r i b u t i o n  





c  c o n s t a n t  
T h e  d i f f e r e n t i a l  e q u a t i o n  t h a t  a r i s e s  f o r  t h i s  
c a s e  i s  
d
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f , ( n i )  	 u T / u T i  	 w ,  
K  X  X  	 X  
=  ( 2 - 4
3 ) 4  n
i ,  	
n i  	
Y i .  
T h i s  e q u a t i o n  h a s  b e e n  s o l v e d  b y  H a r t r e e  
( r e f e r e n c e  1 8 ) ,  a n d  h i s  r e s u l t s  a r e  t h e  b a s i s  f o r  t h e  
c a l c u l a t i o n s  m a d e  i n  t h i s  p a p e r .  
I n  s o l v i n g  t h e  s t a b i l i t y  p r o b l e m  w e  s h a l l  
h a v e  n e e d  t o  u s e  t h e  d e r i v a t i v e s  o f  w  w i t h  r e s p e c t  t o  
y .  	 T h e s e  c a n  b e  o b t a i n e d  f r o m  ( 3 9 )  u s i n g  t h e  f o l l o w i n g  
r e s u l t s  o b t a i n e d  f r o m  ( 4 2 )  
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s o l v i n g  t h e  s e c u l a r  e q u a t i o n ,  b u t  f o r  t h e  d e t e r m i n a t i o n  
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n e e d e d .  	
T h e s e  h a v e  b e e n  c a l c u l a t e d  f o r  a  n u m b e r  o f  
v a l u e s  o f  
p  
b y  P r e t s c h  ( r e f e r e n c e  1 5 ) ,  a n d  c a n  b e  u s e d  
c o n v e n i e n t l y  i n  o b t a i n i n g  t h e  a p p r o x i m a t e  v a l u e s  o f  
t h e s e  d e r i v a t i v e s .  
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The Hay tree solutions of (42) expressing w as a 
function of r 
	
can be transformed into the compressible 
solution in the variable 
Y = 31. /Y,1i = Ym/O $ 	 say. 
Then, using (39), 
Y 
T T dn. 








For the 'edge' of the boundary layer we take 	 such 
that 







uil 	 c(x.) 
in fact that 
compressible boundary layer distribution w(y) 
corresponds to the transformation of the 
main flow velocity distribution 
given by equations (37) and (38). 	 We find 
....2 	 2 x2m 
c 
a 10 x2 	  i  
u 1 	 - 2 Y-1 2 x 2m 
	
a10 	 ---Z x. 
	
	 2 	 1 




 - 1 —2 x2m 
a l° 7-- c xi 
3Y-1 
 2(Y-1) 
aX Y-1 7' 	 m2m 
--5F 	 —7— -----f xi 
dx. 	 'a 	 ) 10 
In general 
but we can 
7F (xm ) m/a 1 0 . 
there is no exact solution of these equations, 
obtain the solution as a power series in 
Thus, if Y .,-. 1.4, 
0 
2 a 1 
11-0.2 
(10m+1) (ExE 
1 	 ... 	 • 
10 (2m+1 ) 	 a 10/ 
Normally we require the compressible velocity 
u
m 
as a function of ym/o or yA/0,, where 15 is the 
boundary layer displacement thickness and 19- is the 
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S i m i l a r l y  
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Pretsch has also calculated the variation of 
K and K 6 x with (3 for the Hartree solutions, and these  
are shown in graphical form in Figure 9. 
2, Numerical solution of the neutral stability equation 
The method of solution of the neutral secular 
equation (26)has been given by Lees (reference 11), and 
his method is quoted here. 	 Once the coefficients of a 
in (26) have .been obtained (see AppendixB3) from the 
velocity and temperature distributions of the boundary 
layer, the procedure for solving (26) is as follows. 
From the Tietjens function F(z), the function 
= 1/(1 - F(z)) 
is plotted (Figure 12). 
For a given Mach number and a chosen value of 
> 1 - 1/M1, the value of v (see equation (26)) is 
calculated from 
W C 	 T 
2_ v = 	  
To (WC)  I 2 	 1 c 	 i c 
wr 
„. 2 	 K 
T o 	 1' 
where i#K 1 is the imaginary part of K 1 . 
W. y 
>. _  °C c - 1, is usually small, and the first order 
approximations for 6 1, and b i , the real and imaginary 






ir 	 (z ) = 	 • 
Using the values of v obtained from (50) z ° and u° 




w r (1 +.,A,) 
The first order approximations for u and z 
can be improved by using 
n+1) (z 	 )_ 	 (1+ X)v 
2 (1 + 	 u (r1 )) 	 )\21, 2 
(50 ) 
u(n+1)_ 6(n+1)(z(n+1)) 2 v 
----T-T' 1+Xu n 
(1 4)1a (n)) 2 + x2v2 
(1+)...) (1+ 'Nu (n) ) 
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F i n a l l y  t h e  v a l u e  o f  a  i s  g i v e n  b y  ( 2 6 ) ,  w h i c h  
c a n  b e  s o l v e d  b y  a n  i t e r a t i o n  p r o c e s s ;  t h e  w h o l e  p r o -
c e d u r e  i s  r e p e a t e d  f o r  a  n u m b e r  o f  v a l u e s  o f  c >  1 - 1 / M 1  
t o  o b t a i n  t h e  c o m p l e t e  n e u t r a l  s t a b i l i t y  c u r v e  o f  a  
v e r s u s  R .  
3 .  E v a l u a t i o n  o f  V i e  i n t e g r a l s  a p p e a r i n g  i n  t h e   
c h a r a c t e r i s t i c  e q u a t i o n  
 
I n  t h e  m e t h o d  g i v e n  i n  t h e  l a s t  s e c t i o n  f a r  
s o l v i n g  t h e  n e u t r a l  c h a r a c t e r i s t i c  e q u a t i o n ,  t h e  v a l u e s  
o f  t h e  c o e f f i c i e n t s ,  H ,  K ,  M ,  N ,  o f  a  w e r e  r e q u i r e d .  
T h e  e v a l u a t i o n  o f  t h e s e  c o e f f i c i e n t s ,  w h i c h  a r e  m u l t i p l e  
i n t e g r a l s  o f  t h e  b o u n d a r y  l a y e r  v e l o c i t y  d i s t r i b u t i o n ,  
c o n s t i t u t e s  t h e  b u l k  o f  t h e  w o r k  n e e d e d  i n  n u m e r i c a l  
s o l u t i o n  o f  t h e  n e u t r a l  s t a b i l i t y  p r o b l e m .  	 I n  t h e  
p r e s e n t  c a s e  i t  w a s  f o u n d  a d v a n t a g e o u s  t o  a l t e r  t h e  
m e t h o d  o f  e v a l u a t i n g  t h e s e  i n t e g r a l s  i n  s o m e  d e t a i l s  
f r o m  t h a t  g i v e n  b y  L e e s  ( i b i d ) .  
F o l l o w i n g  L e e s  i n  e q u a t i o n  ( 2 6 )  f o r  a ,  w e  
n e g l e c t  p o w e r s  o f  a  h i g h e r  t h a n  t h e  s e c o n d .  	 T h e  c o e f -  
f i c i e n t s  t h a t  h a v e  t o  b e  e v a l u a t e d  a r e ,  t h e r e f o r e  
H
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 d y




c } 2  
2 o f  
0  
T - M 1
2  ( w - c ) 2  
K
1  
=   
 d y  
V  0  	
( w - c ) 2  
n Y 1  T - M  2  ( w - c }
2  
	












d y  	
d y  
	
( w - c  ) 2  	
' •  0  	 j  0  	 ( w - e  )
2  
2  
P Y 1 /
W - C  
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°  0  	
1 - 4 0  
T h e  g e n e r a l  m e t h o d  o f  e v a l u a t i o n  i s  t o  s p l i t  
e a c h  o f  t h e  i n t e g r a l s  i n t o  t w o  p o r t i o n s ,  f r o m  y  =  0  t o  
y = y . s a y , a n d f r o n l y . .  Y
o  
. t o  y  =  y
1
,  s o  t h a t  t h e  f i r s t  
r e g i o n  a l w a y s  c o n t a i n s  t h e  s i n g u l a r i t y  o f  t h e  i n t e g r a l  
a t  W  =  C .  	
T h i s  i s  t h e n  c a l c u l a t e d  b y  e x p a n s i o n  i n  
T a y l o r  s e r i e s  a b o u t  t h e  p o i n t  y  =  y c  
a n d  i n t e g r a t i n g  
t e r m  b y  t e r m  ( b e a r i n g  i n  m i n d  t h a t  t h e  p a t h  o f  i n t e g r a -
t i o n  a l w a y s  l i e s  b e l o w  t h e  p o i n t  y  =  y
c  
i n  t h e  c o m p l e x  
y - p l a n e .  
	
T h e  s e c o n d  p a r t  o f  t h e  i n t e g r a l  c a n  b e  f o u n d  
b y  a  s t r a i g h t f o r w a r d  m e t h o d  o f  n u m e r i c a l  i n t e g r a t i o n ,  
s u c h  a s  t h e  S i m p s o n  p a r a b o l i c  r u l e .  	 I n  g e n e r a l ,  w e  
/ s h a l l  
n
. .  
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T h e  g e n e r a l  m e t h o d  o f  e v a l u a t i o n  i s  t o  s p l i t  
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T h e  s e c o n d  p a r t  o f  t h e  i n t e g r a l  c a n  b e  f o u n d  
b y  a  s t r a i g h t f o r w a r d  m e t h o d  o f  n u m e r i c a l  i n t e g r a t i o n ,  
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shall denote the two integrals thus formed by the 
additional suffices 1 and 2. 
	 Thus, for example 
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11 = 0 1	 dy 
0 (w-c) 





K1  = K11 	 K12 - M1
2 y 1  
3.1. Evaluation of K 1 (c) 
We put 
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and expand T/), -2 in a Taylor series
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a n d  
( T  
K i  -  
c  
T h i s  i n t e g r a l  h a s  b e e n  s h o w n  b y  L e e s  t o  b e  t h e  o n l y  
e f f e c t i v e  i m a g i n a r y  c o n t r i b u t i o n  o f  t h e  c o e f f i c i e n t s  
K
1
9  H 1  
,  e t c .  
T  
T h e  m e t h o d  o f  e v a l u a t i n g  t h e  d e r i v a t i v e s  o f  
2  i s  - - 	 g i v e n  i n  s e c t i o n  3 , 6  o f  t h i s  a p p e n d i x .  
( b )  T o  c a l c u l a t e  K
1 2  
w e  u s e  t h e  t r a n s f o r m a t i o n  ( 4 3 )  
g i v e n  o n  
p a g e  3 4 ,  
t o  e x p r e s s  i t  a s  a n  i n t e g r a l  o f  t h e  
i n c o m p r e s s i b l e  b o u n d a r y  l a y e r  v e l o c i t y  d i s t r i b u t i o n ;  
t h u s  
1  	
T 2  	
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9 i 1  
a n d  	
b  =  	
T  
0  
T h e  n u m b e r  o f  t e r m s  o f  t h i s  e x p r e s s i o n  t h a t  n e e d  t o  
b e  t a k e n  v a r i e s  w i t h  M
1 ,  
c  a n d  t h e  p r e s s u r e  g r a d i e n t  
p a r a m e t e r  0 .  	
F o r  t h e  c a l c u l a t i o n s  m a d e  i n  t h e  
p r e s e n t  p a p e r  i t  w a s  f o u n d  n e c e s s a r y  t o  g o  a s  f a r  a s  
t h e  t e n t h  p o w e r  o f  c  i n  s o m e  i n s t a n c e s .  
T h e  i n t e g r a l s  f o r m i n g  t h e  t e r m s  o f  t h i s  
e x p a n s i o n  c a n  b e  c a l c u l a t e d  d i r e c t l y  f r o m  H a r t r e e ' s  
i n c o m p r e s s i b l e  b o u n d a r y  l a y e r  s o l u t i o n s  ( r e f e r e n c e  1 8 ) ,  
u s i n g  S i m p s o n ' s  r u l e .  
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s  i n t e g r a l  h a s  b e e n  s h o w  b y  L e e s t o  b e  t h  o n l y  
f e c t i v e  i m a g i n a r y  c o n t r i b u t i  o f  t h e  c o e f f i c i e n t s  
H
,  e t c .  
m t h o d  o f  e v a l u a t i n g  t h e  d e r i v a t i v e s  o f  
i s  -  	 v e n  i n  s e c t i o n  3 , 6  o f t h i s  a p p e n d i x .  
b )  T o  c a l u l a t e  K
u s e  t h e  t r a n s f o r m a t i o n  4 3 )  
v e n  o n  
 3 4 ,  
o  e x p r e s s  i t  a s  a n  i n t e g r a l  o f  t h  
n c o m p r e s s i b l e  b o u n d a r y  l a y e r  v e l o c i t y  d i s t r i b u t o n ;  
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n u m b e r  o f  t e r m s  o f  t h i s  e x p r e s i o n  t h a t  n e e d  t o  
t a k e n  v a r i e s  w i t h  M
 
 a n d  t h e  p r e s s u r e  g r a d i e n t  
a m t e r  0 .  	
 t h e  c a l u l a t i o n s  m a d e  i n  t h e  
e s e n t  p a e r  i t  w a s  f o u n d  n e c e s s a r y  t o  g o  a s  f a r  a s  
h e  t e n t h  p o w e r  o f  c  i n  s o m e  i s t a n c e s .  
i n t e g r a l s  f o r m i n g  t h e  t e r m s  o f t h i s  
a n s i o n  c a n  b e c a l c u l t e d  d i r e c t l y  f r o m  H a r t r e e ' s  
n c o m p r e s s i b l e  b o u n d a r y  l a y e r  s o l u t i o n s  ( r e f e r e n c e  1 8 ) ,  
i n g  S i m p s o n ' s  r u l e .  
3 . 2 .  .  
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9 i 1  
a n d  	
b  =  	
T  
0  
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T h e  i n t e g r a l s  f o r m i n g  t h e  t e r m s  o f  t h i s  
e x p a n s i o n  c a n  b e  c a l c u l a t e d  d i r e c t l y  f r o m  H a r t r e e ' s  
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u s i n g  S i m p s o n ' s  r u l e .  
/ 3 . 2 .  .  
3.2. Evaluation of H 1 (c) 
This integral can be transformed immediately 
into one in the compressible variables: 
	
1 I rMil 	 orli1 
H 1 (c) = T: •7' 7 t ; 
i 	
.
2 d-ri i - 2c i 
	
w dfli + c2Tlil i 
, 	
.J te 0 
	
= IB(y)I 0 1 	 say. 
3.3. E7aluation of H2 (c) = N2 (c) 
We can split the integral up into the following 
terms (see Lees): 
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where B(y) has already been calculated in finding H. 
After expansion of the integrand in powere of 
(y-yc ) and neglecting powers of yc and (y.3 -yc ) greater 
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4. 	 Calculation of the Minimum Critical Reynolds Number 
The following estimate of R
cr.min. is given by Lees (reference 11), 
25 ri(c)1 1+(1) w / 
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-2 04411 - 1v1 1 2 (1-c) 
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V ( C 	 - 	 WO?  
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o 
5 Approximate Calculation of the Upper and Lower Branches 
of the Neutral Stability Curve.  
-56 - 
where c is determined by 
v(c)(1 	 (c)) = 0.580 
w' y 
Vc) 	 c c . c - 1. 
We can express the derivatives occurring in 
these equations in terms of the incompressible derivatives 
using (43); thus 
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Expressions for the shape of the neutral 
stability curve for large Reynolds numbers have been 
Obtained by 1.-7.:es. 	 These have been used in the present 
paper with an important modification of one of his 
results. 	 From the neutral stability equation (26) 
Lees approximates a by 
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where f(z) is the modified form of the Tietjens function, 
and is plotted in Figure 12. 
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T A B L E 1  
R e y n o l d s  N u m b e r ,  d i s t u r b a n c e  w a v e  
n u m b e r  
a n d  
p h a s e  v e l o c i t y  f o r  n e u t r a l  s t a b i l i t y .  
I n s u l a t e d  s u r f a c e ,  8  =  0 . 6 .  
M
,  




( 1 . . 3 ,  
- - 1  
R  
. 1 5 6  
. 0 4 9 0 5  
0 . 1 0 1 1  1 . 9 3 8  x  1 0  
. 0 0 8 0 8  
1 . 5 4 9  x  1 0
6  
. 0 4 9 0 5  
0 . 2 4 6 9  
6 . 3 7 2  x  1 0 7  
. 0 1 9 7 4  5 . 0 9 4  x  1 0
6  
. 0 9 6 6  
0 . 2 2 7 0  
1 . 2 5 0  x  
	 1 0 6  . 0 1 8 1 5  
0 . 9 9 9  x  1 0
5  
. 0 9 6 6  
0 . 5 5 1 6  
3 . 0 5 4  x  1 0
6  
. 0 4 2 5 0  
2 . 4 4 2  x  1 0
5  
. 1 4 2 6  
0 . 3 8 0 5  
2 . 6 2 3  x  1 0 5  
. 0 3 0 4 2  2 . 0 9 7  x  1 0 4  
. 1 4 2 6  
0 . 8 3 0 6  
4 . 1 0 5 5  x  1 0 5  
. 0 6 6 4 1  
3 . 2 8 2  x  1 0
4  
. 1 8 7 2  
0 . 6 0 2 3  
8 , 8 7 3  x  1 0 4  
. 0 4 8 1 9  7 . 0 9 3  x  1 0 3  
. 1 8 7 2  
1 . 0 7 1 0  
1 . 1 9 6  x  	 1 0 5  
. 0 8 5 6 3  9 . 5 6 2  x  1 0 3  
. 1 9 5 9  
0 . 6 3 6 6  
7 . 7 4 2  x  1 0
4  
. 0 5 0 8 9  6 . 1 9 0  x  1 0 3  
1 9 5 9  
1 . 1 0 7 4  
9 . 5 4 9  x  1 0
4  
. 0 8 8 5 4  
7 . 6 3 4  x  1 0
3  
0 , 5  
c  
a  R  
a  
, 9 ^  
R  
. 0 4 9 0 5  
. 0 8 0 0  
2 . 5 0 3  x  1 0
7  
. 0 0 6 3 1 3  
1 . 9 7 5  x  1 0  
. 0 4 9 0 5  
. 1 9 4 5  8 . 9 3 3  x  1 0
7  
. 0 1 5 3 5  7 . 0 4 9  x  1 0 6  
. 0 9 6 6  
. 1 8 2 6  
1 . 5 9 1  	 x  	 1 0 6  
. 0 1 4 ' 4 . 1  
1 . 2 5 5  x  1 0
5  
. 0 9 6 6  
. 4 0 6 6  
3 . 3 4 4  x  1 0 6  . 0 3 2 0 8  
3 . 1 1 2  x  
	 1 0 5  
. 1 4 2 6  
. 3 1 1 1  
3 . 3 6 6  x  1 0
5  
. 0 2 4 5 5  2 . 6 5 6  x  1 0
4  
. 1 4 2 6  
. 6 5 9 2  
5 . 9 2 6  x  1 0
5  . 0 5 2 0 2  4 . 6 7 6  x  1 0  
. 1 8 7 2  
. 4 8 4 7  
1 . 1 0 5  x  	
1 0 5  . 0 3 8 2 5  
8 . 7 1 9  x  1 0
3  
. 1 8 7 2  
. 8 5 3  
1 . 5 7 1  	 x  	 1 0 5  
. 0 6 7 3 6  
1 . 2 4 0  x  1 0 4  
. 2 0 4 6  
. 5 8 1 8  
7 . 8 8 9  x  1 0 4  
. 0 4 5 9 1  
	
6 . 2 2 5  x  1 0
3  
. 2 0 4 6  
. 8 9 5 4  
1 . 0 3 1 4 x  1 0
5  . 0 7 0 6 6  	
8 . 1 3 9  x  1 0
3  
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T A B L E 1  
R e y n o l d s  N u m b e r ,  d i s t u r b a n c e  w a v e  
n u m b e r  
a n d  
p h a s e  v e l o c i t y  f o r  n e u t r a l  s t a b i l i t y .  
I n s u l a t e d  s u r f a c e ,  8  =  
0 . 6 .  
M
,  




( 1 . . 3 ,  
- - 1  
R  
. 1 9 ,   
0 4 9 0 5  
1 0 1 1  1 9 3 8  x  1 0  
0 0 8 0 8  
1 5 4 9  x  1 0
 
> 4 9 0 5  
. 2 4 6 9  
6 3 7 2  x  1 0 7   
0 1 9 7 4  5 0 4  x  1 0
6  
0 9 6  
2 2 7 0  
1 2 5 0  x  
	 1  0 1 8 1  
0 9 9 9  x  1 0
 
0 9 6 6  
5 5 1 6  
3 0 5 4  x  1 0
6  
0 4 2 5 0  
4 4 2  x  1 0
5   
1 4 2 6  
3 8 0 5  
2 6 2 3  x  1 0 5   
0 3 0 4 2  2 0 9 7  x  1 0  
1 4 2 6  
8 3 6  
4 . 1 0 5 5 x  1 0 5   
0 6 6 4  
3 2 8 2  x  1 0
4  
1 8 7 2  
0 . 6 2 3  
8 , 8 7 3  x  1 0 4  
0 4 1 9  7 0 9 3  x  1 0  
1 8 7 2  
1 0 7 1 0  
1 1 9 6  x  	 1 5   
0 8 5 6 3  9 . 5 6 2  x  1 0  
. 1 9 5 9  
0 . 6 3 6 6  
7 . 7 4 2  x  1 0
 
0 5 0 9  6 1 9 0  x  1 0  
1 9 5 9  
1 . 1 0 7 4  
9 . 5 4 9  x  1 0
4   
. 0 8 8 5 4  
7 . 6 3 4  x  1 0
3   
0 , 5  
c  a  
R  
a  
, 9 ^  
R  
0 4 9 0 5  
0 8 0 0  
2 5 0  x  1 0
 
0 0 6 3 1 3
1 9 7 5  x  1 0  
0 4 9 0 5
1 9 4 5  8 9 3 3  x  1 0
7  
. 0 1 5 3 5  7 . 0 4 9  x  1 0 6  
0 9 6  
1 8 2  
1 5 9 1  	  	 1   
. 0 1 4 ' 4 . 1   
1 2 5 5  x  1 0
  
0 9 6 6  
4 0 6 6  
3 4 4  x  1 0 6  0 3 2 0 8  
3 1 1 2  x  
	 1 5   
1 4 2 6  
3 1 1 1  
3 3 6 6  x  1 0
  
0 2 4 5 5  2 6 5 6  x  1 0
4   
1 4 2 6  
6 5 9 2  
5 9 2 6  x  1 0
  0 5 2 0  4 6 7 6  x  1 0  
1 8 7 2  
4 8 4 7  
. 1 0 5  x  	
  . 0 3 8 2 5  
8 . 7 1 9  x  1 0
3   
1 8 7 2  
8 5 3  
1 5 7 1  	  	 1 5  
0 6 7 3 6  	
1 2 4 0  x  1 0 4  
2 0 4 6  
. 5 8 1 8  
7 . 8 8 9  x  1 0 4  
0 4 5 9 1  
	
6 2 2 5  x  1 0
 
. 2 0 4 6  
. 8 9 5 4  
1 . 0 3 1 4 x  1 0
5   . 0 7 0 6 6  	
8 . 1 3 9  x  1 0
3   
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TABLE T (contd.) 
M 1  = 0.7 
c a R a.9, R
-3- 
0 49 05 .0633 3.171 	 x 	 107 .00493 2.471 	 x 10 6 
04905 
.1457 1.2)8 x 	 108 .01135 1.012 x 
	 107 
0966 .1491 1.982 x 106 .01162 1.545 x 105 
0966 
.3344 5.085 x 106 .02606 3.963 x 10 5 
1426 .2478 4.171 	 x 105 .01931 5.251 	 x 104 
1 426 
.5460 7.447 x 105 .04255 5.804 x 104 
1872 .40(1)0 1.365 x 105 .03118 1.064 x 104 
1872 .6895 2.069 x 105 .05374 1.613 x 104 
2132 
.5478 8.753 x 104 .04270 6.808 x 10 3 
2132 .7463 1.0948x 10 5 .05817 8.533 x 10 3 
i^ri 1 = o.9 
c c. R 11 
19. 
.04905 .05931 5.399 x 107 .00301 4.140 x 106 
.04905 .08999 1.935 x 	 108 .00690 1.434 x 10 7 
.0966 .0960 3.173 x 106 .00736 2.433 x 105 
.0966 .2187 7.886 x 10 6 .01677 6.048 x 10 5 
.1426 .1728 6.134 x 105 .01325 4.704 x 104 
.1426 .3523 1. 2006 x 10 6 .02702 9.207 x 104 
.1872 .2614 2.080 x 105 .02005 1.595 x 104 
.1872 
.4694 3.138 	 x 	 105 .03600 2.406 x 104 
.2132 .3479 1.166 x 	 10 5 .02668 8.942 x 103 
.2132 .5562 1.651 	 x 105 .04265 1.266 x 	 104 
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TABLE T (contd.) 
M1  = 0.7 
c a R a.9, R '- 
0 5 .0633 3.171 	 	 7  0049  2.47  	 10 6 
4905 1457 2)  x 	 8 01 35 012 x 
	 1 7 
 .1491 1 982 x 10   011 2 1 545 x 10  
096  3344 5 085 x 10 6 02606 3 963 x 10 5  
426 .2478 4 171 	 10  01931 251 	 10  
1 42 6 5460 7.447 x 10   04255 5.8 4 x 10  
 4000 1 365 x 10   .03118 064 x 10  
187  .6895 2.069 x 10 5  05374 1 613 x 10 4 
 5478 8 753 x 10 4 .04270 6 808 x 10  
2132 
.7463 1.0948x 10 5  .05817 8.533 x 10 3  
i^ri 1 = o.9 
c c R 11 ,64. 
19. 
.04905 05931 5 3 9 x 10 7 0c301 4 1 0 x 10 6  
04 05 08 99 1 935 x 	 1 8 00690 1 434 x 10 7 
096  0960 3 173 x 10  00736 2 433 x 10  
0966 2187 7 886 x 10 6 01677 6 048 x 10 5  
1426 1728 6 134 x 10 5 01325 4 704 x 10  
1/426 3523 1. 2006 x 10 6  027 2 9.207 x 10
 
1872 .2614 2 080 x 10  02005 1 595 x 10  
1872 4694 3.138 	  	  03600 2 406 x 10 4 
2132 3479 166 x 	   .02668 8.942 x 10 3  
.2132 .5562 1.651 	 x 10 5  .04265 1.266 x 	 10 4  
- 6 3  -  
T a b l e  I  ( c o n t d . )  
M  =  1 . 1  
c  
- - - - -  
a  
, )  
u  
a . , 5 1 .  
1  
R , k 5 v  
. 0 9 6 6  
. 0 1 6 1 4  
1 . 9 1 3 5  x  1 0
7  . 0 0 1 2 1  
1 . 4 3 7  x  1 0
6  
. 0 9 6 6  
. 0 3 6 2 3  
5 . 2 2 0  x  
1 n 7  
. 0 0 2 7 2  3 . 9 1 9  x  1 0
6  
. 1 4 2 6  
. 0 7 7 3  
1 . 4 1 2  x  	
1 0
6  
. 0 0 5 8 0  1 . 0 6 0  x  1 0
5  
. 1 4 2 6  . 1 5 9 9  
2 . 7 9 8  x  
1 0 6  
. 0 1 2 0 0  2 . 1 0 1  
	 x  	 1 0 5  
. 1 8 7 2  
. 1 6 3 6  
3 . 3 5 3  x  1 0 5  
. 0 1 2 2 8  
2 . 5 1 7  x  1 0
4  
. 1 8 7 2  . 2 9 5 1  
5 . 3 7 0 5  x  1 0 5  
. 0 2 2 1 6  4 . 0 3 2  x  1 0 4  
. 2 2 1 8  
. 2 6 1 2  
1 . 4 6 4  x  1 0
5  
. 0 1 9 6 1  
1 . 0 9 9  x  1 0
4  
. 2 2 1 8  
. 4 0 1 4  1 . 9 5 1  
	 x  	
1 0 5  
. 0 3 0 1 4  
1 . 4 6 5  x  1 0 4  
M  	 1 . 3  
c  
a .  R  a  
- a '  
R  
4 0 '  
. 2 3 3 3  
. 2 3 3 3  
. 0 0 5 0  
. 0 0 4 8 5  
1 . 0 0 9  x  1 0 7  
1 . 4 4 3  x  1 0
7  
. 0 0 0 2 5 7  
. 0 0 0 3 5 6  
7 . 4 1 1  
	
x  1 0 5  
1 . 0 6 0  x  1 0 6  
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T a b l e  I  ( c o n t d . )  
M  =  1 . 1  
c  
a  
, )  
u  
a . , 5 1 .  
1  
R , k 5 v  
1 1 4
1 9 1 3 5  x  
1 0
7  1 2 1
1 4 3 7
 
0 9 6
3 6 2 3  
5 2 2 0
n 7  
2 7 2 3 9 1 9
6
0 7 7 3
1 4 1 2 	
6  
0 5 8 1 0 6 0  1
 
4 2 6 5 9 9
2 7 9 8
6  
0 0 1 0 1  
	 	 1 5  
1 6 3 6
3 5 3  x  1 0 5  
1 2 8
2 5 1 7
1 8 7 2 9 5 1  
5 3 7 0 5  x  1 0 5  
2 2 1 6 4 3 2  
2 6 2
4 6 4  1
 
1 9 6 1  
0 9 9
 
. 2 2 1 8  
. 4 0 1 4  1 . 9 5 1  
	 x  	
1 0 5  
. 0 3 0 1 4  
1 . 4 6 5  x  1 0 4  
M  	 1 . 3  
c  
a .  R  a  
- a '  
R  
4 0 '  
. 2 3 3 3  
0 5 0
. 0 0 4 8 5  
0 0 9  
1 . 4 4 3  x  1 0
7  
2 7
. 0 0 0 3 5 6  
7 4 1 1  
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Auxiliary functions used in the calculation of the 
neutral stability characteristics. 
Insulated surface, 
	 9 . 0.6. 
).% L H 1  H2-N2 M3 
0•••••n•n••n••• 
3 
0 .04905 .0214 .1023 .2086 .6604 .2903 .1 243 .1902 
.0966 
.0377 .2261 .3929 .5895 .2842 .1085 .2041 
.1426 .0543 .3600 .6357 .5252 .2782 
. 0945 .2186 
.1872 .0709 .5219 .8879 .4675 .2732 .0822 .2366 
•1959 .0745 •5571 .9429 .4560 .2718 .0798 .2405 
0. 5 
. 049 05 .0181 .1006 .1532 .6518 .2232 .0936 .1227 
.0996 .0340 .2160 .2813 .5818 . 2243 .0839 .1378 
.1426 .0501 .3697 .4276 .5184 22)48 .0748 .1565 
.1872 .0663 .5031 .6037 
.4575 . 2212 .0645 .1676 
.2046 .0731 .5687 .6631 
.4395 . 2170 .05945 .1645 
0. 7 .0490 5 .0165 .1000 .0702 .6438 .1638 .0680 .0771 
.0966 .0323 .2132 .1685 
.5747 .1718 .0621 .0892 
.1426 .0470 .3424 .2590 .5121 .1758 .0569 .1059 
.1872 .0629 
.4859 .3778 .45 1 9 .1807 .0507 .1235 
.2132 .07 29 •5879 .4625 .4239 .1900 .0493 .1383 
0. 9 .04905 .0152 .0993 .o269 .6335 .0778 .0268 .0219 
.0966 .0306 .2098 .0332 .5654 .1036 .0351 .0346 
- 
1426 .0466 .3338 .0569 .5038 .1171 .0369 .0459 
.1872 .0622 
.4770 .0551 • )4)446 .1248 .0336 .0636 
.2132 .0718 
.5543 .0815 • 4 1 71 .1349 .0332 .0712 
1 . 1 .0966 .0305 .1805 -.0889 .5536 .0235 .0049 - .0136 
.1426 .0458 .3247 -.1747 .4933 .0469 .0116 -.0046 
.1872 .0613 
.4555 -.0488 .4353 .0629 .0143 .0053 
.2218 .0743 .5695 .01136 .3986 .0805 .0177 .0129 
1.31.2333 




Auxiliary functions used in the calculation of the 
neutral stability characteristics. 
Insulated surface, 
	 9 . 0.6. 
).% L H 1  H 2 -N2 M 3 
0•••••n •n ••n••• 
3 
0 .0490 5 .0214 .1023 .2086 .6604 .2903 .1 2 43 .1902 
.0966 
.0377 .2261 .3929 .5895 .2842 .1085 .2041 
.1426 .0543 .3600 .6357 .5252 .2782 
. 0945 .2186 
.1872 .0709 .5219 .8879 .4675 .2732 .0822 .2366 
• 1959 .0745 • 5571 .9429 .4560 .2718 .0798 .2405 
0.5 
. 0 49 0 5 .0181 .1006 .1532 .6518 .2232 .0936 .1227 
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